Analysis of RC Interconnections Under Ramp Input^�

Andrew B. Kahng and Sudhakar Muddu

UCLA Computer Science Department, Los Angeles, CA 90095-1596 USA abk@cs.ucla.edu, sudhakar@cs.ucla.edu

Abstract

We present a general and, in the limit, exact approach to compute the time-domain response for őnite-length RC lines under ramp input, by summing distinct diffusions starting at either end of the line. We also obtain analytical expressions for the őnite time-domain voltage response for an open-ended őnite RC line and for a őnite RC line with capacitive load. Delay estimates using our new method are very close to SPICEcomputed delays. Finally, we present a general recursive equation for computing the higher-order diffusion components due to reŕections at the source and load ends. Future work extends our method to response computations in general interconnection trees by modeling both reŕection and transmission coefőcients at discontinuities.

1 Introduction

Estimating delays on VLSI interconnects is a key element in timing veriőcation, gate-level simulation and performance-driven layout design. Becauseof their highly resistive nature, interconnectsare generally modeled as distributed RC lines. The analysis of őnite RC transmission lines with step input is widely discussed in the literature, e.g., [20, 1, 19]. The standard approach is to őrst calculate the transfer function; then, by approximating the transfer function both transform-domain and timedomain responses are obtained for different conőgurations of the őnite RC line with step input. Using different approachesto invert the Laplace transform of the response, [16, 12, 13, 18] have all obtained the exact time-domain response for a őnite-length open-ended RC line. The most recent of these works, by Rao [18], also extends the traditional transformdomain analysis to calculate the time-domain response for a őnite RC line with capacitive load impedance. A direct solution of the open-ended őnite RC line response, i.e., directly in the time-domain as an inőnite series, was őrst given by Kaufman and Garrett [10]. Kahng and Muddu [12, 13] calculated the time-domain response in a őnite distributed RC line with source and load impedances; the total response was shown to be equal to an inőnite sum of diffusion equation solutions with each diffusion starting at either the source or load end of the line.

None of these previous works gives an understanding of the interconnect response when the input signal has nonzero transition time. It is more reasonable to model the input signal from driver to interconnect as a őnite ramp. Figure 1 shows the substantial difference in the response for step versus ramp input. Kaupp [9] analyzed RC interconnections under őnite ramp input by assuming inőnitely long transmission lines. Extending this work, [3] approximated the transfer function of a semiinőnite line using a linear function, and proposed a model for RC lines under ramp input. Recently, [17] proposed a methodology for RC interconnect synthesis under ramp input using the őrst few moments of the transfer function. However, no analytical solution for the time-domain őnite ramp response of a őnite distributed RC line with source and load impedances under őnite ramp input has been obtained in the literature.^1

∗This work was supported by NSF Young Investigator Award MIP-9257982. 1The deőnition of Elmore delay for step input [7] can be used to compute the analytical delay formula under ramp input, i.e., T_D =^1_{V0}

R_∞ 0 tv^′_{out} (t)dt where v^′_{out} (t) is the derivative of the output response under őnite ramp input. This deőnition implies that the ramp input delay is equal to the őrst moment of the derivative of the response. In the transform domain, this implies that the ramp input delay is equal to the őrst moment (or coefőcient of s) of the function s ·V_{out} (s). Therefore, an analytical expression for ramp input delay is

T_D =

T_R 2 + b_1 − a_1 =

T_R 2 + T_{ED}

where T_R is the rise-time of the ramp input and T_{ED} is equal to the Elmore delay for a step input or the őrst moment of the transfer function. Other analytical deőnitions of delay such as, R_∞ 0 (1 − v_{out} (t))dt [15] lead to the same expression for delay.

In this paper, we analyze őnite distributed RC lines under ramp input, using a new technique based on solving the diffusion equation and applying the method of images [12, 13]. Using this new technique, we are able to analytically obtain the transient time-domain response of a őnite RC line for different cases of source and load impedances. Our contributions are the following.

Figure 1: Response of semi-inőnite line with step and őnite ramp inputs. Rise-time and position time constant R_xC_x are both 15 ps.

• We obtain the time-domain response of a semi-inőnite RC line for both inőnite and őnite ramp inputs by solving the diffusion equation with appropriate boundary conditions. This result matches that given in [9].

• We provide a general approach to compute the time-domain response for őnite RC lines by summing distinct diffusions which each start at an end of the line and can be viewed as traveling either forward or backward along the line in analogy with reŕections. In the limit, this approach is exact; only a few reŕections are needed to achieve accurate response computations.

• We obtain the analytical expressions for the time-domain voltage response under ramp input for an open-ended őnite RC line and for a őnite RC line with capacitive load. To the best of our knowledge, there is no previous literature on this subject. We compare delay estimates from our approach and from SPICE with URC (Uniform Distributed RC) model for RC lines: using only the őrst few reŕected diffusion components in the voltage response, our delay estimates are very close to SPICE-computed delays. Finally, we present a general recursive equation for computing the higher order diffusion components due to reŕections at the source and load ends of the interconnect line.

2 Semi-Inőnite RC Line Analysis

Consider the semi-inőnite distributed RC line shown in Figure 2. The voltage and current on a uniform distributed RC line are governed by the diffusion equation rc ∂v(x,t) ∂t = ∂^2v(x,t) ∂x^2 (1)

Figure 2: Semi-inőnite distributed RC line, and position x on the line.

where r and c are resistance and capacitance per unit length. The solution to the diffusion equation under various boundary conditions has been well studied [11]. The work of [12] showed that the time-domain response of a őnite-length RC line with step input was equal to an inőnite sum of diffusion equation solutions, with each diffusion starting at either the source or the load end of the line.

Figure 3: A ramp input function: (a) őnite ramp with rise time T_R, and (b) őnite ramp decomposed into two shifted inőnite ramps.

We wish to calculate the response for a őnite RC line under őnite ramp input. We will őrst solve the abovediffusion equation for the semiinőnite line, then represent the total voltage responseon the őnite line as the sum of incident and reŕected diffusion components. The initial and boundary conditions for the semi-inőnite line under őnite ramp input (see Figure 3) are

IC: v(x, 0) = 0 , x ≥ 0 BC1: v(0,t) = v_{in}(t) =^{V0}_{TR} [tU(t) − (t − T_R)U(t − T_R)] , t ≥ 0

where T_R is the rise-time of the őnite ramp input and U(t) denotes the step function. We will also consider an inőnite ramp input since any őnite ramp can be expressed as the sum of two shifted inőnite ramps (see Figure 3); the time-domain response for a őnite ramp can be derived from the inőnite ramp response by a change of time variable. Using u(x,t) to represent the response for an inőnite ramp input, the diffusion equation and new boundary conditions are:^2 rc ∂u(x,t) ∂t = ∂^2u(x,t) ∂x^2

IC: u(x, 0) = 0 for all x ≥ 0 BC1: u(0,t) =^{V0}_{TR} ·t ·U(t) for all t ≥ 0

The diffusion equation for step input has a boundary condition that is constant with respect to time. For a ramp input this boundary condition is a function of time, so it is difőcult to derive the solution in the same way as for a step input. However, differentiating the diffusion equation in time and using the variable w(x,t) =^{∂u(x;t)}_{∂t} , we again obtain a diffusion equation rc ∂w(x,t) ∂t = ∂^2w(x,t) ∂x^2

2In the transform and time domains, we respectively use U(x;s) and u(x;t) to indicate the response for the inőnite ramp input, and V(x;s) and v(x;t) to indicate the response for the őnite ramp input.

with initial and boundary conditions obtained by taking the time derivative of the boundary conditions of u(x,t). The initial condition remains the same, but the boundary condition for the new diffusion equation becomes constant in time, i.e., similar to that for a step input:

IC: w(x, 0) = 0 for all x ≥ 0 BC1: w(0,t) =^{V0}_{TR} U(t) for all t ≥ 0

The solution for the diffusion equation under step input can be obtained using the parabolic substitution of the variable η = x

√_{rc} 2t [12] as

w(η) = C_1

Z_η 0 e^{− y22} dy +C_2

The initial condition IC implies C_1 = −

√_2

πC_2. The boundary condition BC1, that at position x = 0 the derivative of voltage is constant and equal to^{V0}_{TR} for all t > 0, implies C_2 = V_0. Therefore,

w(x,t) =

V_0 T_R

[1 − er f ( η √ 2 )] =

V_0 T_R er f c ( b √ 4t ) (2) where x is the position at which the responseis calculated, and b = √ R_xC_x = x √ rc. From this, the incident diffusion componentu_I(x,t) for the semiinőnite RC line under inőnite ramp input can be derived as [14]^3

u_I(x,t) =

Z_{τ=t} τ=0 w(x, τ)dτ =

Z_{τ=t} τ=0 V_0 T_R er f c ( x √ rc 4τ ) dτ = V_0 T_R [ (t + b^2 2 )er f c( b √ 4t ) − b √ t π e^{− b24t} ] U(t)

= V_0 T_R [ (t +

R_xC_x 2 )er f c( √ R_xC_x 4t )

− √ R_xC_xt π e^{− RxCx4t} ] U(t) (3)

Then, the time-domain response for the incident diffusion component v_I(x,t) with a őnite ramp input can be written in terms of the inőnite ramp response:^4

v_I(x,t) = u_I(x,t) − u_I (x,t − T_R) = V_0 T_R [ (t + b^2 2 )er f c( b √ 4t ) − b √ t π e^{− b24t} ] U(t)

− V_0 T_R [ (t − T_R + b^2 2 )er f c( b √ 4(t − T_R) )

+b √ (t − T_R) π e^{− b} 2 4(t−TR ) ] U(t − T_R) (4)

As expected, the second term in the above equation is zero for t ≤ T_R, so the őnite ramp response is given by Equation (3) for t ≤ T_R and by Equation (4) for t ≥ T_R.^5 The above analytical expressions for the ramp input response allow direct and efőcient computation of delay estimates for ramp and piecewise-linear inputs.

3 We can also compute the response for ramp input by using the transfer function of the semi-inőnite RC line, H_I (x;s) = e^{−x√rcs}, and the inőnite ramp input,U_{in}(s) =^{V0}_{TR} ·^1_{s2} . The in-

cident diffusion componentin the transform domain is U_I (x;s) =^{V0}_{TRs2} ·e^{−√RxCxs}. The timedomain response obtained by applying the inverse Laplace transform [6] is exactly equal to the response given in Equation (3).

4 The response in the transform domain for the incident diffusion component is V_I(x;s) = V0 TRs2 (1 − e

−sTR )e−b √ s. 5 Recall that the response for the semi-inőnite line under step input [12] is v_I (x;t) = V_0er f c(^{b√}_{4t} ).

3 Finite RC Line Analysis

The voltage at the front end of the line (i.e, at A) is

V_A(s) = V_{in}(s) ·

Z_0 Z_0 + Z_S

= V_{in}(s) ·

(1 − Γ_S(s)) 2 where Γ_S(s) =^{ZS −Z0}_{Zs +Z0} is the reŕection coefőcient at the source. For a general őnite RC line with source and load impedance as shown in Figure 4, the incident propagation of voltage in the transform domain is

V_I(x, s) = V_A(s)e^− √ R_xC_xs = V

in(s)

(1 − Γ_S(s)) 2 e^− √ R_xC_xs

The total voltage for a őnite line (Figure 4) is the summation of the incident diffusion component and reŕected diffusion components that arise at the source (S) and load (L) discontinuities. In other words, the timedomain expansion for total voltage is v_{Tot} (x,t) = v_I(x,t)+∑^∞_{i=1} v_{Ri} (x,t) where v_I(x,t) ≡ voltage due to the incident diffusion and v_{Ri} (x,t) ≡ voltage due to the i^{th} reŕection.^6 (In our notation, R_i refers to the i^{th} reŕected diffusion starting from either the source or the load discontinuity; i basically represents the number of trips up and down the line.) In general, v_{Ri} (x,t) can be calculated through convolution of the reŕected diffusion (taking into account position displacement) with the reŕection coefőcients Γ_S(t) or Γ_L(t).

Figure 4: A distributed RC line of length h, and position x along the line.

The reŕection coefőcient at the source in the transform domain is Γ_S(s) =^{ZS −Z0}_{ZS +Z0} , and the reŕection coefőcient at the load is Γ_L(s) =^{ZL−Z0}_{ZL+Z0} . As shown in [13], the voltage at the position x in Figure 4 due to the őrst reŕection at the load can be calculated from the incident wave and shifting in position by h+h−x = 2h−x, i.e., V_{R1} (x, s) = Γ_L(s)V_I(2h−x, s). The corresponding time-domain expression is v_{R1} (x,t) =

R_t τ=0 Γ_L(t − τ)v_I(2h−x, τ) dτ, i.e., the őrst reŕected voltage travels distance h to the end of the line before reŕection, then additional distance h − x to reach the speciőed location. Another explanation for the reŕection voltages is by applying the symmetry argument in the Method of Images (or Reŕections) [11, 13] to satisfy the boundary condition at the end of the line x = h. The total voltage on the line can also be proved to be equal to the sum of incident and reŕected diffusion components by considering the response obtained from the 2-port transfer function of the line [13]. The total voltage can be expressed in the transform domain as a summation of various reŕected components

V_{Tot} (x, s) = V_I(x, s) + ∞ ∑_{n=1}^{[Γn}L^{(s)Γn−1}S^VI^{(2nh − x, s)}

+Γ^n_L(s)Γ^n_S(s)V_I(2nh + x, s)] (5)

and the time-domain response is

v_{Tot}(x,t) = v_I(x,t) + ∞ ∑_{n=1}

[Z_t τ=0 a_n(t − τ)v_I(2nh − x, τ) dτ + Z_t τ=0 b_n(t − τ)v_I (2nh + x, τ) dτ ] (6) 6Similarly, the total voltage in the transform domain is V_{Tot}(x;s) = V_I(x;s) + ∑^∞_{i=1} V_{Ri}(x;s).

where a_n(t) and b_n(t) represent odd and even n^{th} reŕection coefőcient values. This methodology allows us to compute the responseunder ramp input for various cases of the őnite-length line. The total response can be approximated by considering the analytical expressions for the őrst few reŕection components; for higher accuracy, additional terms can be incorporated by using numerical techniques.

4 Open-Ended Finite RC Line Analysis

A őnite open-ended line with ideal source has Γ_S(s) = −1 and Γ_L(s) = 1. The time-domain incident diffusion component for inőnite and őnite ramp input is given by Equations (3) and (4). Since all the coefőcients of reŕection are constants for an open-ended line with an ideal source, the total response can be computed from the incident diffusion component via shifts in the time variable, i.e., the time-domain response is

v_{Tot} (x,t) = v_I(x,t)+ ∞ ∑_{n=1}^{[(−1)n−1v}I^{(2nh − x,t) + (−1)nv}I^{(2nh + x,t)]}

where v_I(x,t) is the incident diffusion component for őnite ramp input given in Equation (4). Figure 5 comparesthe voltage responseat the end of the line between SPICE and an approximation, called Diff4, which sums only up to the őrst four reŕected diffusion components.

Figure 5: Response at the end of an open-ended line for a őnite ramp with rise time T_R = R_hC_h, using SPICE and an approximation which sums up to the őrst four reŕected diffusion components. The line parameters are r = 0.015 Ω/μm, c = 0.25 f F/μm and length h = 2000μm. The time constant of the line is R_hC_h = 15.0 ps.

5 Finite RC Line with Capacitive Load

A őnite distributed RC line of length h with capacitive load C_L at the end of the line is shown in Figure 6. Recall from Equation (6) that the total response on the line is obtained by summing an inőnite series of diffusion components due to reŕections at the load and source. We now review the calculation of up to the őrst four reŕected components (some details must be omitted for space reasons). If desired (e.g., for larger loads than those we consider), more reŕection components can be calculated using methods given in Section 6.

Incident Diffusion. The őrst component of the total response is the incident diffusion voltage, derived in Equations (3) and (4). Diffusion components for reŕections are computed by multiplying the reŕection coefőcients with the incident diffusion responsein the transform domain as described in Section 3.

First Reŕection. The reŕection coefőcient at the load for a load impedance of Z_L =^1_{sCL} is Γ_L(s) =^{ZL−Z0}_{ZL+Z0} =^{1−q} √ s 1+q √ s where q = C_L

√_{Rh}

C_h = C_L C_h √ R_hC_h. The voltage response of the őrst reŕected diffusion can be

Figure 6: Distributed RC line of length h with capacitive load C_L.

obtained from Equation (6):

V_{R1} (x, s) = Γ_LV_I(2h − x, s) = V_0 T_Rs^2

(1 − e^{−sTR} )

1 − q √ s 1 + q √ s e^{− (2h−x)h} √ sR_hC_h

The inőnite ramp input response is

U_{R1} (x, s) =

V_0 T_Rs^2

1 − q √ s 1 + q √ s e^{−b√s}

where b =^{(2h−x)}_h √ R_hC_h. To compute the time-domain response we express the response in the transform domain in the form of^{F1 (} √ s) √ s . Let

F_1(s) =

V_0 T_Rs^3

1 − qs 1 + qs e^{−bs} = V_0 T_R [ 1 s^3 − 2q s^2 + 2q^2 s − 2q^2 (s + 1/q) ] e^{−bs}

The response in the transform domain can be expressed as

U_{R1} (x, s) =

V_0 T_R [ 1 s^2 − 2q s^{3=2} + 2q^2 s − 2q^2 √ s( √ s+ 1/q) ] e^{−b√s}

The inverse transform of U_{R1} (x, s) can be computed by inverting each term of the above equation using the identity [13, 14] F( √ s) √ s ⇐⇒ 1 √ πt Z_∞ u=0 e^{−u24t} f (u)du (7)

Thus, the time-domain response for the őrst reŕected diffusion is

u_{R1} (x,t) =

V_0 T_R [ (t + b^2 2 )er f c( b √ 4t ) − b √ t π e^{− b24t}

−4q √ t π e^{− b24t} + (2qb + 2q^2)er f c ( b √ 4t )

−2q^2e ı_{t+qb} q2 ȷ er f c (√ t q + b 2 √ t )] U(t)

For a őnite ramp input the time-domain response is given by v_{R1} (x,t) = u_{R1} (x,t) − u_{R1} (x,t − T_R) Second Reŕection. The voltage response of the second reŕected diffusion component due to the source discontinuity with Γ_S(s) =^{ZS−Z0}_{ZS+Z0} = −1 is given by

V_{R2} (x, s) = Γ_SΓ_LV_I(2h + x, s) = −Γ_LV_I(2h + x, s).

The time-domain responsefor inőnite ramp input can be calculated from the őrst reŕected diffusion component as

u_{R2} (x,t) =

V_0 T_R [ −(t + b^2 2 )er f c( b √ 4t ) + b √ t π e^{− b24t}

+4q √ t π e^{− b24t} − (2qb + 2q^2)er f c ( b √ 4t )

+ 2q^2e ı_{t+qb} q2 ȷ er f c (√ t q + b 2 √ t )] U(t) where b =^{(2h+x)}_h √ R_hC_h, whencethe time-domain response under őnite ramp input is

v_{R2} (x,t) = u_{R2} (x,t) − u_{R2} (x,t − T_R).

Third Reŕection. In the transform domain, the third reŕected diffusion component is

V_{R3} (x, s) = Γ_SΓ_L^2V_I(4h − x, s) = −V_0(1 − e^{−sTR} )

T_Rs^2

(1 − q √ s)^2 (1 + q √ s)^2 e^{− (4h−x)h √sRhCh}

Considering the function

F_3(s) = −

V_0 T_Rs^3 ( 1 − qs 1 + qs

)_2

e^{−bs} = V_0 T_R [ − 1 s^3 + 4q s^2 − 8q^2 s + 8q^2 (s + 1/q) + 4q (s + 1/q)^2 ] e^{−bs}

where b =^{(4h−x)}_h √ R_hC_h. The inőnite ramp response is

U_{R3} (x, s) =

−V_0 T_Rs^2

(1 − q √ s)^2 (1 + q √ s)^2 e^{−b√s} =

F_3( √ s) √ s = V_0 T_R [ − 1 s^2 + 4q s^{3=2} − 8q^2 s + 8q^2 √ s( √ s+ 1/q) + 4q √ s( √ s+ 1/q)^2 ] e^{−b√s}.

The inverse transform of U_{R3} (x, s) can be computed by inverting each term of the above equation; the inverse transform of the őrst four terms can be obtained from the analysis of the First Reŕection above. The time-domain expression for the last term can be calculated by considering the function F_4(s) =^{4q}_{(s+1=q)2} e^{−bs} whose correspondingtime-domain

function is f_4(t) = 4q(t − b)e^{− (t−b)q} U(t − b) [14]. The time-domain response for the third reŕected diffusion for an inőnite ramp is

u_{R3} (x,t) =

V_0 T_R [ −(t + b^2 2 )er f c( b √ 4t ) + b √ t π e^{− b24t}

+8q √ t π e^{− b24t} − (4qb + 8q^2)er f c ( b √ 4t )

+ 8q^2e ı_{t+qb} q2 ȷ er f c (√ t q + b 2 √ t )

+ 8 √ t π e ı_{−(} √_t

q +^b_2^√_t )^2 +^{(t+qb)}_{q2} ȷ

− 4(2t + qb)e^{(t+qb)q2} er f c (√ t q + b 2 √ t )] U(t)

The őnite ramp time-domain responseis v_{R3} (x,t) = u_{R3} (x,t)− u_{R3} (x,t − T_R).

Fourth Reŕection. Similarly, the voltage response of the fourth reŕection at the source is V_{R4} (x, s) = Γ_S^2Γ_L^2V_I(4h + x, s) = Γ_L^2V_I(4h + x, s) and the time-domain response for inőnite ramp input is

u_{R4} (x,t) =

V_0 T_R [ (t + b^2 2 )er f c( b √ 4t ) − b √ t π e^{− b24t}

− 8q √ t π e^{− b24t} + (4qb + 8q^2)er f c ( b √ 4t )

Load factor 10% Threshold delays 50% Threshold delays (R_hC_h) (R_hC_h ) (^{CL}_{Ch} ) SPICE Diff4 SPICE Diff4

0.0 6.20 6.30 14.20 14.25 0.25 7.60 7.70 16.90 16.85 0.5 8.70 8.80 19.35 19.30 1.0 10.50 10.50 24.30 24.25 2.0 13.10 13.15 34.20 33.50 5.0 18.50 17.55 64.00 56.00 Load factor 63.2% Threshold delays 90% Threshold delays (R_hC_h) (R_hC_h ) (^{CL}_{Ch} ) SPICE Diff4 SPICE Diff4

0.0 16.50 16.50 24.75 24.70 0.25 19.75 19.70 32.00 30.00 0.5 23.30 23.30 40.00 38.90 1.0 30.50 30.60 57.50 57.75 2.0 45.10 44.70 92.00 99.00 5.0 89.50 80.00 199.00 235.00

Table 1: Comparison of delay values at the end of the interconnect line (x = h), between the SPICE URC model and the Diff4 analytical expression computed using diffusion analysis up to the őrst four reŕection components. The input rise time is assumed equal to the line time constant, i.e., T_R = R_hC_h = 15 psec.

− 8q^2e ı_{t+qb} q2 ȷ er f c (√ t q + b 2 √ t )

− 8 √ t π e ı_{−(} √_t

q +^b_2^√_t )^2+^{(t+qb)}_{q2} ȷ

+ 4(2t + qb)e^{(t+qb)q2} er f c (√ t q + b 2 √ t )] U(t)

where b =^{(4h+x)}_h √ R_hC_h; the responsefor the őnite ramp input is v_{R4} (x,t) = u_{R4} (x,t)−u_{R4} (x,t −T_R). If we approximate the total response for inőnite ramp input by considering only up to these őrst four reŕections,

u_{Tot}(x,t) ≈ u_I(x,t) + u_{R1} (x,t) + u_{R2} (x,t) + u_{R3} (x,t) + u_{R4} (x,t) (8)

and the total response for the őnite ramp input is

v_{Tot} (x,t) = u_{tot}(x,t) − u_{Tot} (x,t − T_R) ≈ [ v_I(x,t) + v_{R1} (x,t) + v_{R2} (x,t)

+ v_{R3} (x,t) + v_{R4} (x,t) ] (9) We call the approximation of Equation (9) the Diff4 model. Table 1 compares Diff4 delay estimates at different threshold values for a wide range of capacitive loads, versus the SPICE URC (Uniform Distributed RC) model. The delay estimates using our new diffusion equation approach are very close to the SPICE-computed delays, even though only four reŕections are considered. Figure 7 gives a comparison of the voltage response between SPICE and the Diff4 model for the case of load factor^{CL}_{Ch} = 1.0.

6 Generalization of the Reŕected Component Computation

While the previous section gave analytical expressions for the őrst four reŕection components, we now discuss methodsto compute higher-order components of the inőnite ramp response; from these, the components of the őnite ramp response easily follow. In general, the (inőnite or őnite) ramp response in the transform domain is a function of reŕection coefőcients and the incident voltage. From Equation (5) the 2n^{th} reŕected componentat the sourceis given byU_{R2n} (x, s) = Γ_S^nΓ_L^n U_I(2nh+ x, s), and the (2n−1)^{th} reŕectedcomponent at the load is similarly given by U_{R2n−1} (x, s) = Γ_S^{n−1}Γ_L^nU_I(2nh − x, s). The time-domain response for each reŕected diffusion componentcan be computed using the above method (Section 5) for obtaining an exact analytical expression. To generalize the computation of each time-domain reŕected diffusion component we may apply two different techniques: (i) a numerical integration approach, and (ii) recursive error function evaluation.

Figure 7: Response for a őnite RC line with capacitive load under őnite ramp input, calculated using both the SPICE URC model and the Diff4 model. The rise time of the input is T_R = R_hC_h and the load factor is^{CL}_{Ch} = 1.0. The line parameters are same as in Figure 5.

6.1 A Numerical Integration Approach

Here and in the next subsection, we consider the time-domain expression for the 2n^{th} source reŕection component (the (2n − 1)^{th} load reŕection component is analogous). Assuming resistive source and capacitive load impedances, the reŕection coefőcients can be represented as Γ_S(s) = −^{(1−p} √ s) (1+p √ s) Γ_L(s) =^{(1−q} √ s) (1+q √ s) where p =^{RS}_{Rh} √ R_hC_h and q =

C_L C_h √ R_hC_h. Substituting for the reŕection coefőcients and incident volt-

age and using b =^{(2nh+x)}_h √ R_hC_h, the inőnite ramp responsein the transform domain is given by

U_{R2n} (x, s) = Γ^n_L(s)Γ^n_S(s)V_I(2nh + x, s) = Γ^n_L(s)Γ^n_S(s)

V_0e^{−b√s} T_Rs^2

= (−1)^n

V_0 T_Rs^2

(1 − p √ s)^n (1 + p √ s)^{n+1}

(1 − q √ s)^n (1 + q √ s)^n e^{−b√s}

The response in the time domain for this reŕected component can be evaluated by expressingU_{R2n} in the form^{F(} √ s) √ s and applying the identity in Equation (7) [14]. To evaluate the integral in the identity we need the time-domain expression f (t) of the function. Hence, we őrst apply partial fraction expansion to the function as

F(s) = (−1)^n

V_0 T_Rs^3

(1 − ps)^n (1 + ps)^{n+1}

(1 − qs)^n (1 + qs)^n e^{−bs} = V_0(−1)^n pT_R [ D_1 s + D_2 s^2 + D_3 s^3 + A_1 (s + 1/p) + . . . + A_{n+1} (s + 1/p)^{n+1} + B_1 (s + 1/q) + . . . + B_n (s + 1/q)^n ] e^{−bs} where A_i, B_i, and D_i are the coefőcients corresponding to each pole of the function. The inverse transform for this function is

f (t) =

V_0(−1)^n

pT_R [ D_1 + D_2(t − b) + D_3

(t − b)^2 2 + A_1e^{(t−b)=p} + . . .+

A_{n+1} n! (t − b)^ne^{(t−b)=p}

+ B_1e^{(t−b)=q} + . . . +

B_n(t − b)^{n−1}

(n − 1)!

e^{(t−b)=q} ] U(t − b)

and the time-domain response for the reŕection component can be cal-

culated by numerical integration as u_{R2n} (x,t) =^{1√}_{πt}

R_∞ x=0 e^{−x2}4t f (x)dx.

6.2 Recursive Error Function Evaluation

Instead of calculating the inverse transform of the function F(s) and using numerical integration, we may rewrite the reŕected component in the transform domain in the form^{F(} √ s) √ s and then calculate the inverse transform, i.e.,

U_{R2n} (x, s) = F( √ s) √ s = V_0(−1)^n

pT_R [ D_1 s + D_2 s^{3=2} + D_3 s^2 + A_1 √ s( √ s + 1/p) + . . .+ A_{n+1} √ s( √ s + 1/p)^{n+1} + B_1 √ s( √ s + 1/q) + . . . + B_n √ s( √ s + 1/q)^n ] e^{−b√s}

The inverse transform for U_{R2n} (x, s) can now be obtained by taking inverse transforms separately for each term in the above expression. The time-domain expression for the 2n^{th} reŕection component can be obtained in the form of recursive error functions as[14]

u_{R2n} (x,t) =

V_0(−1)^n pT_R [ D_1er f c ( b √ 4t )

+ 2D_2 √ t π e^{− b24t} − bD_2er f c ( b √ 4t )

+ D_3(t + b^2 2 )er f c( b √ 4t ) − bD_3 √ t π e^{− b24t} + n+1 ∑_{k=1}^Ak^{(4t) (n−1)2 e( tp2 − bp )er f c}(n−1) ( b −^{2t}_p √ 4t )

n ∑_{k=1}^Bk^{(4t) (n−1)2 e( tq2 − bq )er f c}(n−1) ( b −^{2t}_q √ 4t )] (10)

which can be evaluated using the recursive expressionfor the error function [5, 14], i.e.,

er f c_{(n)}(z) = − z n er f c_{(n−1)}(z) + 1 2n er f c_{(n−2)}(z) = 2 √ π Z_∞ t=z (t − z)^n n! e^{−t2} dt .

Thus, the time-domain responsefor the őnite ramp input can be obtained as v_{R2n} (x,t) = u_{R2n} (x,t) − u_{R2n} (x,t − T_R).

7 Conclusions

We have analyzed őnite distributed RC lines under ramp input via a new technique based on solving the diffusion equation and using reŕected diffusion components to account for reŕections at the source and load end of the line. Our general and, in the limit, exact approach computes the time-domain response for őnite RC lines under ramp input by summing distinct diffusions starting at either end of the line. We then derived the time-domain voltage responsefor various conőgurationsof the

RC line. To the best of our knowledge, these results are completely new; there is no previous literature on this subject. Delay estimates using our new approach (the Diff4 model incorporating up to the őrst four reŕection components) are very close to SPICE-computed (URC model) delays. Finally, we present two methodologies, including a general recursive equation, for computing the higher-order diffusion components due to reŕections at either the source or load end. Ongoing work extends this approach to response computations in arbitrary interconnection trees by modeling both reŕection and transmission coefőcients at discontinuities, e.g., we might derive the input ramp for each interconnect from the response at the end of the previous (upstream) interconnect.

REFERENCES

[1] R. J. Antinone and G. W. Brown, łThe Modeling of Resistive Interconnects for Integrated Circuitsž, IEEE J. Solid-State Circuits 18, April 1983, pp. 200-203.

[2] M. T. Abuelma’atti, łMultipole Approximation of Capacitively Loaded VLSI Interconnectionsž, IEE Proceedings-G 136, Jun. 1989, pp. 118-120.

[3] M. T. Abuelma’atti, łThe Waveform Degradation in VLSI Interconnectionsž, IEEE J.

Solid-State Circuits 25, Aug. 1990, pp. 1014-1016.

[4] M. T. Abuelma’atti, łModeling of Capacitively (resistively)-Loaded Uniform RC Lines for Computer Aided-Analysisž, IEE Proceedings-G 138, 1991, pp. 463-466.

[5] H. M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions With Formulas, Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 55, 1972.

[6] G. A. Campbell and R. M. Foster, Fourier Integrals for Practical Applications, Princeton, Van Nostrand, 1957, page 92.

[7] W. C. Elmore, łThe Transient Response of Damped Linear Networks with Particular Regard to Wideband Ampliőersž, J. App. Physics 19, Jan. 1948, pp. 55-63.

[8] M. Healey, Tables of Laplace, Heaviside, Fourier, andZ Transforms, W & R Chambers Ltd., 1967.

[9] H. R. Kaupp, łWaveform Degradation in VLSI Interconnectionsž,IEEE J. Solid-State Circuits 24, Aug. 1989, pp. 1150-1153.

[10] W. M. Kaufman and S. J. Garrett, łTapered Distributed Filtersž, IRE Trans. on Circuit Theory, Dec. 1962, pp. 329-336.

[11] J. Kevorkian, Partial Differential Equations: Analytical Solution Techniques, Wadsworth & Brooks/ Cole, 1990.

[12] A. B. Kahng and S. Muddu, łDelay Analysis of VLSI InterconnectionsUsing the Diffusion Equation Modelž, Proc. ACM/IEEE Design Automation Conf., June 1994, pp. 563-569.

[13] A. B. Kahng and S. Muddu, łNew Diffusion-Based Analyses of Distributed RC Interconnectionsž, IEEE Proc. Intl. Symposium on Circuits and Systems, May 1996 (see also UCLA CS Dept. TR-950019, April 1995).

[14] A. B. Kahng and S. Muddu, łAnalysis of RC Interconnections Under Ramp Inputž, UCLA CS Dept. TR-960013, April 1996.

[15] T. Lin and C. A. Mead, łSignal Delay in General RC Networksž, IEEE Trans. on Computer-Aided Design, Oct. 1984, pp. 331-349.

[16] H. L. Mattes, łBehavior of a Single Transmission Line Stimulated With a Step Functionž, manuscript, Aug. 1993.

[17] N. Menezes, S. Pullela, F. Dartu, and L. T. Pillage, łRC InterconnectSynthesis - A Moment Fitting Approachž, Proc. IEEE Intl. Conf. Computer-Aided Design, Nov. 1994, pp. 418-425.

[18] V. B. Rao, łDelay Analysis of the Distributed RC Linež, Proc. ACM/IEEE Design Automation Conf., June 1995, pp. 370-375.

[19] T. Sakurai, łApproximation of Wiring Delay in MOSFET LSIž, IEEE J. Solid-State Circuits SC-18, Aug. 1983, pp. 418-426.

[20] A. Wilnai, łOpen-EndedRC Line Model Predicts MOSFET IC Responsež, EDN, Dec.

15, 1971, pp. 53-54.