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ABSTRACT

We cast the training of minimal arti�cial neural network architectures as a problem of global optimization,
and study the simulated annealing (SA) global optimization heuristic under a \best-so-far" model. Our testbed
consists of separated-aperture radar data for subsoil mine detection. In previous analyses, we have found that the
traditional SA \cooling" paradigm can be suboptimal for small instances of combinatorial global optimizations.
Here, we demonstrate that traditional cooling is also suboptimal for training minimal neural networks for mine
detection. Related issues include (i) how to �nd minimal network architectures; (ii) considering tradeo�s between
minimality and trainability; (iii) the question of whether multi-start/parallel implementations of SA can be
superior to a single long SA run; and (iv) adaptive annealing strategies based on the best-so-far objective.
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1 INTRODUCTION

A typical application of neural networks is to emulate a given input-output (classi�cation) function for which no
closed-form representation is known. A given network is trained via a sequence of small changes to its real-valued
connection weights to decrease, e.g., the mean squared error (MSE) in the classi�cation of a �nite set of training
examples. This process is equivalent to global optimization of a multimodal error function of the connection
weights, and is both theoretically intractable [32] and di�cult in practice. Network training heuristics re
ect
the global optimization literature (see [15] for a survey); common approaches include gradient-based methods
(back-propagation [31], or conjugate gradient with restarts [29]), stochastic hill-climbing, and other methods such
as variable-metric [13] and Kalman �lter-based [6] techniques.

In this paper, we study the simulated annealing (SA) heuristic [11][20]. For neural network learning, SA
has been used in \Boltzmann learning" for Boltzmann machines [1] and in the mean-�eld sense to optimize
other connectionist architectures [7][28]. While simulated annealing is slower than other training algorithms, it
outperforms greedy methods and remains popular when minimum error in the trained network is critical. We
demonstrate that the traditional \cooling" implementation of SA is not necessarily optimal, and has furthermore



been incorrectly motivated, both by the theoretical analysis of the algorithm and by the thermodynamic analogy
implied by the term \annealing". Our testbed consists of minimal neural network architectures for a subsoil
detection task. We �nd that changing network architectures can have a signi�cant e�ect on training time, with
larger networks training much more quickly. Our simulations also indicate that multi-start annealing can be the
best strategy for e�cient training of an object detection network. Based on our observations, future work is
aimed at developing an adaptive SA variant using on an autoregressive (AR) model of annealing.

2 NETWORK TRAINING AS GLOBAL OPTIMIZATION

Given a (�nite) set S of feasible solutions and a real-valued cost function f : S ! <, global optimization may
be formulated as the search for s 2 S such that f(s) � f(s0) 8s0 2 S. For neural networks, S is the space of
connection weight vectors and f is the error function associated with the desired classi�cation task.1 Iterative
methods of global optimization require the notion of a neighborhood structure over S, where the neighborhood
N (si) of the current solution si 2 S is the set of new solutions s0 that can be generated from si. Typically, N (s)
consists of slight perturbations of s, e.g., a weight vector can be perturbed by adding a random vector in [��; �]n,
where n is the number of connection weights. The neighborhood structure and the cost function induce a cost

surface over S; for neural network training, we call this the error surface since the cost function is typically the
sum of squared errors (SSE) in classi�cation.

2.1 Simulated Annealing for Network Training

SA Algorithm Template

0. s0  random solution in S
1. For i = 0 to M � 1
2. Choose s0  a random element from N(si)
3. � = f(s0)� f(si)
4. if f(s0) � f(si)
5. si+1  s0

6. else

7. si+1  s0 with probability e�[f(s0)�f(si)]=Ti+1

8. otherwise si+1  si
9a. Return sM
9b. Return si, 0 � i �M , such that f(si) is minimum.

Figure 1: The simulated annealing (SA) algorithm for a given bound of M time steps. Lines 9a and 9b
show the di�erence between the \where-you-are" and \best-so-far" SA variants.

Simulated annealing (described by Figure 1) is an iterative algorithm that allows escape from local minima in
the error surface by probabilistically accepting disimprovements, or \uphill moves". Over the M steps for which
the SA algorithm is executed, a temperature schedule T1; T2; : : : ; TM , Ti � 0 8i, guides the optimization. Typical
SA practice uses a large initial temperature and a �nal temperature of zero, with Ti decreasing monotonically
either according to a �xed schedule or in order to maintain some measure of \thermodynamic equilibration" at
each temperature. SA enjoys certain theoretical attractions: using Markov chain arguments and basic aspects of
Gibbs-Boltzmann statistics, one can show that for any �nite S, SA will converge to a globally optimal solution
given in�nitely large M and a temperature schedule that converges to 0 su�ciently slowly [27], i.e.,

Pr(sM 2 R)! 1 as M !1 (1)

where R � S denotes the set of all globally optimal solutions. In other words, SA is \optimal" in the limit of
in�nite time [21].

1Note that S can be assumed �nite even for neural network training if we impose limits on the size and precision of each connection
weight in the network.



2.2 Annealing: Theory Vs. Practice

The central motivation of our work is practical: the ideal optimization algorithm should return a good so-
lution within a prescribed, �nite amount of time. This motivation reveals a fundamental inconsistency in the
usual implementation of simulated annealing as it stems from the theoretical, in�nite-time analysis found in the
literature. Speci�cally, the \optimality" of SA (Equation 1) has always been analyzed with respect to what we
have called [9][10] a \where-you-are" (WYA) implementation of the algorithm, in which SA simply returns the
last solution seen sM (Line 9a in Figure 1). It is this WYA solution that in the limit of M !1 has probability 1
of being optimal. In practice, however, SA can always store the best of solutions s0; s1; : : : ; sM�1, and return this
\best-so-far" (BSF) solution (Line 9b of Figure 1). With respect to traditional convergence proofs, this distinction
is moot since \optimality" of the WYA solution trivially implies \optimality" of the BSF solution. However, the
distinction can have powerful implications for �nite-time annealing strategies.

2.3 BSF-Optimal Finite-Time Schedules
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Figure 2: Locally optimal annealing schedules with 80 steps for a 6-city TSP instance using (left) the
traditional WYA objective and (right) the practical BSF objective.

In [9,10] we computed BSF-optimal �nite-time annealing schedules for three small global optimization in-
stances. All instances showed dramatic di�erences between optimal schedules based on the BSF and WYA
objectives. For example, Figure 2 displays the WYA- and BSF-optimal schedules with M = 80 steps for a 6-city
instance of the traveling salesman problem (TSP). The optimal 80-step WYA schedule is monotone decreasing,
as would be expected given the existing SA literature. However, the optimal 80-step BSF schedule is at �rst
monotone increasing, then has a long 
at region in the middle and a short decreasing region at the end. This
BSF-optimal schedule is clearly superior to the optimal WYA schedule when judged by the \real-life" criterion of
the expected BSF cost (0.2% above optimal versus 1.0% above optimal). Our results for schedules with di�erent
lengths show that a BSF-optimal schedule of approximately 42 time steps can achieve the same expected solution
quality as a WYA-optimal schedule with 80 time steps, i.e., almost a 50% speed-up. We have obtained similar
results for small instances of other classic combinatorial problems, including graph bisection and graph placement
in VLSI [10][9].



3 NETWORKS FOR SUBSOIL OBJECT DETECTION

We study feedforward perceptron networks that are to be trained to discriminate buried nylon and wood targets
in a highly cluttered background; we use a set of 29 training cases corresponding to \windows" of amplitude-only
microwave sensor returns.2 Each training window consists of an array of 15x15 sensor readings containing either
a whole target or no target. We reduce the complexity of the network architectures by de�ning a single output
with value of 0.2 for \background", 0.5 for a wood target, and 0.8 for a nylon target. We use the Karhunen-Loeve
(KL) transform to reduce the 225 data points in each window to 4 input values; this data-reduction technique was
used in [4][5][25] for the same data. The network architectures we study have one hidden layer and connections
between adjacent layers only. In addition to the connection weights, each hidden or output node has a \bias"
weight. A standard logistic function is used as a squashing function on the activation of all non-input nodes. All
hidden and output nodes have real-valued activations between 0 and 1, while the input nodes have unrestricted
real values.

Our research indicates that a 4x4x1 network (i.e., 4 inputs, 4 hidden units, and 1 output, for a total of 25
connection weights) can be reliably trained by SA to achieve nearly zero cost (sum of squared error (SSE) over
the 29 training cases) for this classi�cation task. From a sample of 500 annealing runs with 64,000 steps each,
the best run produced .00261 SSE, or a standard deviation from the desired output of only .0095. Thus, our
experiments will concentrate on this 4x4x1 architecture. Our experiments in Section 3.3 indicate that it is likely
to be the minimal architecture for this training task. In all of our annealing runs, we start with random initial
weights with small absolute value, chosen uniformly from the interval [�0:1;+0:1]. A new solution s0 is generated
from s by perturbing each weight by a uniformly random value from the interval [�0:05;+0:05].

3.1 Optimal Exponential Schedules

Because the space of connection weights is very large, it is practically impossible to compute optimal annealing
schedules for our object detection neural networks. However, it is feasible to estimate an optimal schedule if we
restrict ourselves to the class of exponential schedules which are commonly used in practice. An exponential
schedule has the form

Ti+1 = � � Ti (2)

for all i and a constant �, � > 0. Exponential schedules were used by Kirkpatrick et al. in their original SA
paper [20] and have been studied extensively by Johnson et al. [18,19]. For any �xed run length M , the space of
exponential schedules is de�ned by exactly two parameters (e.g., T1 and TM ). Searching over only two parameters
to �nd a locally optimal exponential schedule is practical for our small object-detection networks.3 This section
extends our previous work [8] using linear annealing schedules on the same data.

Tables 1 and 2 report the BSF SSE of training runs with 16,384 steps and 32,768 steps, respectively. The values
are averages over 500 di�erent SA runs for each schedule.4 The best schedule for 16,384 steps has T1 = 0:012 and
TM = 0:006, a slowly cooling schedule that does not end near zero. For 32,768 steps the best schedule is constant
(!), with Ti = :009 for all i = 1; : : : ;M . The most striking observation from the two tables is the relative similarity
between the average BSF values, e.g., the di�erences in average BSF quality between most schedules are much
less than the standard deviations in BSF quality. The tables also indicate that cooling schedules are not necessary
for obtaining good results over �nite length annealing runs, and that the most important factor a�ecting solution
quality is the range of temperatures used. Schedules outside the range [0:005; 0:012] for a majority of steps are
signi�cantly worse than schedules with temperatures exclusively within this range.

2The ground sensor data are obtained via the wave guide beyond cuto� (WGBCO), or separated aperture, microwave technique
[30] and were provided by the U.S. Army Belvoir RD&E Center. The sensor apparatus and provenance of the data set are described
in [4] [5] [17] [30]. The 29 training cases are printed in [17].

3Our intuition suggests that the expected BSF SSE is a convex function of T1 and TM , which would imply that any local minimum
should also be a global minimum.

4Each run of 16,384 steps requires approximately ten seconds of CPU on an HP Apollo 735.



Average (StdDev) of SSE Over 500 Runs
Final
Temp. Initial Temperature T1
Factor .003 .005 .007 .009 .012 .015
0.1 .283 .257 .236 .223 .212 .214

(.073) (.079) (.077) (.078) (.077) (.071)
0.5 .261 .217 .205 .206 .197 .211

(.080) (.080) (.076) (.078) (.071) (.074)
1.0 .242 .212 .205 .200 .213 .230

(.083) (.079) (.075) (.070) (.073) (.070)
1.5 .228 .205 .204 .213 .227 .244

(.082) (.075) (.074) (.074) (.068) (.070)
2.0 .221 .207 .205 .216 .235 .253

(.083) (.077) (.074) (.076) (.067) (.063)

Table 1: Comparison of 16,384 step exponential schedules for training a 4x4x1 subsoil object-detection net-
work. Values shown are the average BSF SSE for the 29 training cases (standard deviations in parentheses).
The �nal temperature of each exponential schedule is its initial temperature multiplied by \Final Temp.
Factor". Sample size = 500. The standard error of each mean is approximately :075=

p
500 � :0035. Thus,

the best schedule in the table (T1 = 0:012 and TM = 0:006) is signi�cantly better at the 95% con�dence
level than any schedule with average SSE .207 or greater (i.e., approximately three standard errors greater
than .197).

Average (StdDev) of SSE Over 500 Runs

Final
Temp. Initial Temperature T1
Factor .003 .005 .007 .009 .012 .015
0.1 .251 .218 .200 .195 .180 .187

(.082) (.085) (.083) (.080) (.072) (.071)
0.5 .218 .187 .183 .178 .179 .190

(.088) (.081) (.081) (.073) (.070) (.070)
1.0 .205 .178 .179 .173 .188 .204

(.088 ) (.077) (.075) (.069) (.065) (.062)
1.5 .196 .181 .176 .183 .198 .222

(.087 ) (.080) (.069) (.072) (.065) (.066)
2.0 .186 .179 .181 .190 .207 .235

(.082 ) (.075) (.070) (.069) (.070) (.066)

Table 2: Comparison of 32,768 step exponential schedules for training the same 4x4x1 network as in Table
1. Again, sample size = 500.

In an attempt to estimate the optimal exponential schedule more precisely, we may estimate a second-order
model of the \response surface" induced by the expected BSF qualities of exponential schedules. Let t1 and t2
be the two parameters of a schedule. A second order model of expected SSE is an equation of the form

SSE = c+ b1t1 + b2t2 + a1t1t1 + a2t2t2 + a3t1t2 + � (3)

where � is zero-mean random noise. We estimate the parameters c, b1, b2, a1, a2, and a3 in Equation 3 by a least-
squares regression; the parameters that minimize Equation 3 give an estimate of the optimal exponential schedule.
Based on intuition and experience, we use schedule parameters t1 = log(T1) and t2 = log(

p
T1 � TM ) = log(TM=2).

5

We use data points from a square lattice of values for t1 and t2.

5We use log values to capture our belief that temperatures scale exponentially, e.g., that T = 1:0 is the same distance from T = 0:5
as from T = 2:0. We use TM=2 in order to maximize the estimates of a1 and a2. If we use TM or TM=T1 instead, the correct value
of a2 appears to be small, and our estimate is sometimes negative which results in Equation 3 having a saddle point rather than a
minimum point.



Number of range range of # data Parameter Estimates (T-Statistics) Est. Opt. Schedules
Steps of T1 TM=2 points c b1 b2 a1 a2 a3 T1 TM
16,384 .003 - .02 .003 - .01 1,024 1.302 .155 .309 .0179 .0333 -.0025 .00943 .00710

(32x32) (1.5) (1.4) (2.1) (1.6) (-0.2)
16,384 .004 - .015 .004 - .009 10,000 1.321 .148 .311 .0183 .0335 -.0048 .00922 .00518

(100x100) (2.1) (1.9) (3.2) (2.2) (-0.6)
32,768 .003 - .02 .003 - .01 2,500 1.382 .242 .256 .0189 .0208 .0116 .00721 .00963

(50x50) (3.6) (1.7) (3.4) (1.5) (1.5)
32,768 .004 - .014 .004 - .014 5,041 1.334 .128 .339 .0080 .0286 .0105 .00904 .00444

(71x71) (1.4) (3.8) (0.9) (3.4) (1.4)

Table 3: Results of regressions to �t second-order models to simulations for exponential schedules. Param-
eter estimates are given along with their t-statistics. (T-statistics with absolute value > 1:96 are signi�cant
at the 95% con�dence level.)
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Figure 3: Equal-cost curves for exponential schedules with 16,384 steps based on a second-order model of
BSF SSE from simulations of 10,000 di�erent exponential schedules.

Results from four regression experiments are shown in Table 3. For 16,384-step schedules, we �rst simulated
1,024 di�erent schedules for t1 between log(:003) and log(:02) and t2 between log(:003) and log(:01). The estimated
optimal schedule from this experiment has T1 = :00943, TM=2 = :00818, and TM = :00710. To verify this estimated
schedule, we reran the experiment with 10,000 data points and a smaller range of schedules (t1 from log(:003) to
log(:02) and t2 from log(:003) to log(:01)). The new estimated best schedule has T1 = :00922 and TM = :00518.
Figure 3 displays lines of equal SSE for the model estimated by this second regression. Notice that there is a
relatively large area with expected SSE within 0.005 of optimal. Moreover, a relatively large range of schedules
with constant temperature can be found near the optimal schedule. Note that the most important factor in
the quality of the exponential schedules is captured by the direction of steepest descent (corresponding to the
eigenvector of the largest eigenvalue of the Hessian matrix). This steepest descent direction is nearly vertical (in
fact, only about 9 degrees from vertical), indicating that the most important parameter of schedule quality is the
geometric mean temperature, TM=2. The third and fourth models in Table 3 are for schedules with 32,768 steps;
the third model estimates the optimal schedule to be a warming schedule with T1 = :00721 and TM = :00963,
while the fourth model estimates the optimal schedule to have T1 = :00904 and TM = :00444.

We observe that the second-order models for 16,384 and 32,768 steps give estimates of optimal schedules that
are similar to those derived from Tables 1 and 2. The models support the conclusions that (i) some constant-



temperature schedules are very nearly optimal; (ii) the most important factor is �nding the correct range of
temperatures (more speci�cally, the mean temperature TM=2 in an exponential schedule).

3.2 BSF-Optimal Vs. Traditional Schedules

Our previous comparisons of BSF-optimal and WYA-optimal schedules in [9,10] (see Section 2.3) were con�ned
to very small instances, and consequently, short annealing runs. One assertion that has been made in response to
these studies is that for larger instances and longer runs, the qualities of the BSF and WYA solutions are nearly
identical. If this were the case optimizing the WYA quality would still be the correct strategy for problems of
practical size. However, we believe that practitioners' observations of similarity between BSF and WYA solutions
occur because traditional cooling schedules are used. For non-traditional schedules, we believe that the di�erence
between the BSF and WYA objectives will remain signi�cant for large instances.

Figure 4 plots the average BSF and WYA costs at each step in a \traditional" annealing schedule and in
the non-traditional BSF-optimal schedule for M = 32; 000 steps. The BSF-optimal schedule is derived from our
experimental results in Table 2, which estimate that a constant schedule with Ti = :009 is nearly optimal within
the class of exponential schedules. We have designed a \traditional" exponential schedule based on the traditional
wisdom (see e.g., [21]) that T1 should be very high, so that initially between 90 and 95 percent of all candidate
moves s0 are accepted. The value of TM should be low, so that less than two percent of moves are accepted at
the end of the run.6 The \traditional" schedule used for Figure 4 has T1 = 0:3 with approximately a 90 percent
acceptance rate, and TM = :001, which at random starting solutions allows approximately one percent of the
disimproving moves to be accepted. (This assumes that the distribution of jf(s0) � f(si)j is approximately the
same at the beginning and at the end of the run.)
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Figure 4: BSF and WYA curves for two di�erent exponential schedules on the 4x4x1 object detection
network. (a) A \traditional" schedule with T1 = 0:3 and TM = 0:001; (b) the optimal exponential schedule
from Table 2, with constant temperature Ti = 0:009. BSF and WYA SSE are averaged over 250 runs and
plotted every 128 time steps.

6Aarts and van Laarhoven [2,21] propose a more complicated stopping criterion. We adopt the two percent criterion from Johnson
et al. [18,19] because of its greater simplicity.



The results in Figure 4 show a dramatic di�erence between the qualities of a traditional schedule and our
BSF-optimal schedule. It also supports our hypothesis that the BSF and WYA costs converge at the end of the
run only when traditional schedules are used. For the BSF-optimal schedule, the average WYA and BSF qualities
have diverged because of the higher temperatures at the end of the run. These higher temperatures result in
worse average WYA solution qualities, but allow greater mobility within the solution space, and consequently
better BSF solutions.

3.3 Minimal Training-Time Architectures

A number of di�erent articles have discussed the approach of constructing networks architectures simultane-
ously with their training (e.g., recently [12,33]). These works have observed that smaller networks require greater
training time but usually generalize better to non-training data because they are less likely to over�t the training
data. Motivated by these studies, we have set up the following experiment to test which architecture is minimal,
and how much faster larger networks can be trained. We assume that the time required by each annealing step
is approximately proportional to the number of weights in the network7 and allocate the equivalent of 32,000
training steps for a 4x4x1 network to the di�erent architectures. Each architecture is trained using a constant-
temperature annealing schedule with Ti = 0:007; based on our results in Section 3.1 and experiments on other
architectures, this appears to be close to optimal within the class of exponential schedules. Table 4 shows our
experimental results using 400 training runs on network architectures ranging in size from 2x2x1 to 8x8x1.

Our results con�rm the traditional wisdom that larger architectures are easier to train, although there is a
limit beyond which very large architectures will not train e�ciently: the average SSE of an 8x8x1 architecture
is greater than an 8x6x1 architecture.8 Our experiments also indicate that, in terms of trainability to zero SSE,
the 4x4x1 architecture is either a minimal or nearly minimal architecture: no strictly smaller architecture trained
to less than 0.01 SSE in any of its 400 training runs. Moreover, there appears to be a signi�cant jump in the
minimum SSE at the next smaller architectures: from 0.010 to 0.068 for the 4x3x1 architecture and to 0.058
for the 3x4x1 architecture. Nevertheless, our results are not conclusive; it is possible that 4x3x1 and 3x4x1
architectures can be trained to nearly zero SSE.

Average and Minimum BSF SSE of 400 runs
Num Hidden Nodes

Num 2 3 4 6 8
Inputs ave min ave min ave min ave min ave min

2 .45 .41 .36 .21 .31 .20 .24 .089 .20 .084
3 .41 .26 .30 .13 .192 .058 .141 .024 .116 .0054
4 .39 .21 .28 .068 .170 .0099 .084 .0003 .049 .0016
6 .36 .15 .163 .0001 .091 .0004 .034 .0008 .035 .0028
8 .26 .068 .085 .0000 .045 .0001 .018 .0004 .024 .0029

Table 4: Results of training runs on di�erent architectures using single-temperature annealing runs. The
number of steps in each run is normalized to the number of weights in the network (32,000 steps for the
4x4x1 architecture). Sample size = 400 runs for each architecture.

7If i is the number of inputs and h is the number of hidden nodes, then the number of weights equals (i+ 2) � h+ 1. (Recall that
we include threshold weights.)

8Kahng in [17] ran comparisons on even larger architectures that con�rm that very large architectures do train more slowly.



4 CONTINUING RESEARCH

4.1 Ideas I: Multi-Start Annealing

A number of works on simulated annealing have asked whether a single long annealing run is preferred to a
number of shorter annealing runs or greedy descents (i.e., with Ti = 0 throughout each run). For instance, Ferreira
and Zerovnik [14] showed that asM approaches in�nity, an equivalent number of greedy descents will be preferred
to a single annealing run. Lasserre et al. [24] showed that for several small problem instances, SA is frequently
outperformed by multi-start greed, random search, and \steepest ascent descent". Our preliminary experiments
with multi-start greed for network training had very little success. However, the large standard deviations reported
in Tables 1 and 2 suggest that multiple runs of simulated annealing may be very successful as an alternative to one
long annealing run. Multi-start annealing is also appealing because of its trivial parallelizability: if k processors
are available, then k di�erent runs can be performed on the di�erent processors with no loss of e�ciency.

Thus, we have set out to test the e�cacy of multi-start annealing on the nearly-minimal 4x4x1 network
architecture for our subsoil mine detection training cases. Given a CPU budget of M steps, what is the best way
to divide the M steps among n di�erent runs of length M=n steps? We conjecture that as M becomes larger
and larger, the optimal run length may remain nearly constant. Thus, for any particular instance there may in
e�ect be an optimal annealing run length that should be applied repeatedly until the CPU resource is exhausted.
Alternatively, for any given instance there may be some constant number of runs n that is optimal or nearly
optimal for any CPU budget M .

Ave. SSE from best of n runs
Run

Lengths Step Budget M
(M=n) 60,000 120,000 180,000 240,000
10,000 .136 .113 .102 .094
15,000 .132 .107 .094 .086
20,000 .132 .106 .094 .085
24,000 .104 .080
30,000 .135 .105 .091 .081
40,000 .111 .082
60,000 .157 .117 .099 .089

Table 5: Average BSF SSE of di�erent allocations of 60,000 to 240,000 steps to multiple annealing runs
for training our 4x4x1 network. Average SSE values are obtained as follows: (i) 250 runs of each run length
M=n are simulated, and then (ii) 500 random sets of n BSF SSE values are chosen from the 250 runs.

Table 5 shows the results of our multi-start experiments. Based on our results in Section 3.1, we assume that
constant annealing schedules with Ti = 0:007 are nearly optimal and use this schedule for run lengths from 10; 000
to 60; 000 steps and total training budgets of from 60; 000 to 240; 000 steps. For each run length M=n, our test
sample contained 250 di�erent runs. Then for each training budget M , we chose 500 di�erent random subsets of
size n, from which we obtained an average value for the best SSE from n runs. Our results indicate that multiple
runs of annealing can indeed outperform a single long run (!). For instance, with a budget of M = 240; 000
steps, ten runs with 24; 000 steps give an average SSE of .080 compared to .089 average SSE for one run with
240; 000 steps. This speed-up is signi�cant, �rst because it allows the total step budget to be split among di�erent
processors, and second because it can save the total number of time steps required to achieve a given solution
quality. For instance, splitting a CPU budget M = 180; 000 into six runs gives nearly the same average SSE as a
single run with M = 240; 000.



4.2 Ideas II: Adaptive Schedules

From our experiments in Section 3.1 it is clear that for our present application, using annealing at a good con-
stant temperature (i.e., the original Metropolis algorithm) is nearly as e�ective as the best exponential schedule.
Thus, a good objective for an adaptive annealing schedule would be to search periodically during the run for the
best temperature under the BSF criterion given the number of steps remaining in the run. For such an adaptive
scheme to work, we need to estimate the \quality" of a single temperature. To this end we make use of a simple
autoregressive (AR(1)) model of the Markov chain formed by running at a single temperature that was used by
Lam and Delosme [22,23] to derive and justify their adaptive schedules (based on a WYA objective). For a given
temperature T , the AR(1) model is

f(si+1) = �+ r � (f(si)� �) + �i (4)

where �i is a random variable with mean 0 and variance �2(�), and �, r, and �2(�) depend on T . Note that the
parameters in Equation 4 can be estimated by an ordinary least-squares regression. In the equation, � represents
the average cost at stationarity for temperature T , and can be used as an estimate for the WYA quality of
temperature T . For the BSF quality of T at step k, we need to estimate minMi=k f(si), and to this end we are
investigating the following general approach:

� Periodically during the run, estimate the BSF qualities of several (e.g., three) di�erent values of T .

� For each T , run a number of trial steps starting from the current solution sk.

� Estimate the AR(1) model of Equation 4 from the trial steps for each T ; use the estimated parameters to
compute �, the average cost at stationarity for each T .

� Derive an estimate of �2(f(si)), the variance at stationarity of f(si).

� Estimate the BSF quality of each tested T based on �, �2(fi), and the number of remaining steps, M � k.

� Choose the next temperature based on these estimates.

Figure 5 shows a possible implementation of a procedure FindNextTemp which would be inserted into the
annealing schedule periodically to determine the next temperature.

A result of Loynes [26] shows that for computing minMi=k f(si), we can assume that each of the f(si) are
independent if M � k is su�ciently large. We also assume that the f(si) are normally distributed with mean
� and variance �2(f(si)). An elementary result of order statistics [3] can then be used to compute the median

of the distribution of minMi=k f(si) as follows. Let F be the cumulative distribution of f(si) and let G be the
cumulative distribution of minMi=k f(si). The probability that all f(si) are greater than some value X is equal to
(1 � F (X))M�k. Thus, we have that G(X) = 1 � (1 � F (X))M�k. Substituting G(X) = 1=2 then gives us the
median value for minMi=kXi, which is F�1(1� 2�1=(M�k)).

5 SUMMARY

In this paper we have applied simulated annealing to the training of feedforward neural networks for detection
of subsoil objects using separated-aperture radar. We investigate the use of non-traditional temperature schedules
for SA, motivated by our previous research on small instances of global optimization problems. Our previous
research suggested that traditional cooling schedules can be improved by optimizing the \best-so-far" solution
rather than the \where-you-are" solution. Here, our simulations show that for training a (nearly) minimal
architecture on 29 training cases, the optimal exponential schedule is in fact non-traditional. Indeed, the most
e�ective way to improve annealing schedules appears to be to use temperatures from the correct range of values;
even constant-temperature schedules from within this range are nearly optimal.



Procedure FindNextTemp(T ,s,i)
Inputs: T = current temperature; s = current solution;

i = current step
Output: next estimate T 0 of best temperature for the run
1. j = i = chainLength

2. stepSize =
p
2= log(2 + j)

3. est1 = estimateBSF(T ,s,testLength)
4. est2 = estimateBSF(T�stepSize,s,testLength)
5. est3 = estimateBSF(T=stepSize,s,testLength)
6. T 0 = minOfQuadratic(T ,stepSize,est1,est2,est3)
7. return T 0

Figure 5: Template of procedure FindNextTemp to change the temperature in an adaptive annealing run
based on the BSF objective. Global variable \chainLength" represents the number of steps between changes
in T . The procedure estimateBSF(T ,s,l) estimates the quality of temperature T by running a Markov
chain of length l, starting from solution s, and using temperature T . Procedure minOfQuadratic �ts a
quadratic equation a � T 2 + b � T + c to the three points (T ,est1), (T�stepSize,est2), and (T/stepSize,est3)
(using a log scale for temperatures) and returns temperature T 0 at the minimum point of this quadratic
equation.

We give experimental evidence that the network architecture we use is minimal among those that can be
trained to zero error for our training cases. We also present experiments which indicate that multiple simulated
annealing runs can be more e�ective than one long annealing run; multi-start annealing shows particular promise
for training by parallel processors because of its trivial parallelizability. Finally, we outline a new adaptive
annealing strategy based on a simple autoregressive model of simulated annealing and on order statistics. The
strategy searches for the best annealing temperature for the best-so-far objective and a given number of steps
remaining in the run. Other future research directions include (i) possible application of more complicated AR(k)
or ARMA models to adaptive BSF annealing; (ii) adaptive methods of �nding the best run lengths for multi-start
annealing; (iii) fast methods to predict network architecture trainability; and (iv) experiments on BSF-optimal
exponential schedules for other global optimization problems.
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