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Abstract

Motivated by analysis of distributed RC delay in
routing trees, we propose a new tree construction
for performance-driven global routing which directly
trades o� between Prim's minimum spanning tree al-
gorithm and Dijkstra's shortest path tree algorithm.
This direct combination of two objective functions and
their corresponding optimal algorithms contrasts with
the more indirect \shallow-light" methods of [2, 4, 10].
Our method achieves routing trees which satisfy a
given routing tree radius bound while using less wire
than previous methods. Detailed simulations show that
this wirelength savings translates into signi�cantly im-
proved delay over both the method of [4] and stan-
dard MST routing in both IC and multi-chip module
(MCM) interconnect technologies.

1 Introduction

Interconnection delay has become increasingly sig-
ni�cant in determining circuit speed, and can con-
tribute up to 50% to 70% of the clock cycle in dense,
high performance circuits [6, 16]. Thus, performance-
driven layout design has been actively studied in the
past several years. Initial work in this area cen-
tered on timing-driven placement, where modules in
timing-critical paths are placed close together (e.g.,
[6, 9, 12, 13]). More recently, timing-driven intercon-
nection algorithms have been developed [7, 11, 14],
where the goal is to minimize the average (maximum)
signal delay from the source pin to (any of) the sink
pins.

For a given signal net, the proper criterion to use in
e�ciently constructing a \performance-driven routing
tree" is not yet well-established. However, scaling rela-
tionships in IC and other technologies (e.g., for multi-
chip module (MCM) packaging) provide insight into
the \proper" objective for performance-driven rout-
ing. Consider the Elmore delay model [8], which uses
the �rst-order moment of the impulse response when
the routing tree is treated as a distributed RC tree.
If we root the interconnection tree at source v0, each
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sink vi may be identi�ed with the edge ei leading to
its parent. We use rei and cei to denote the resistance
and capacitance of edge ei. Let Ti denote the subtree
of T rooted at vi, and let Ci denote the tree capaci-
tance of Ti, i.e., the sum of edge capacitances in Ti.
The Elmore delay at vi is

tElmore(v0; vi) =
X

ej2path(v0;vi)

rev(cej=2 +Cj): (1)

The Elmore delay equation reveals the e�ect of
technology on the optimality of a given routing topol-
ogy. For example, we can capture driver resistance
relative to interconnect resistance as a \resistance ra-
tio" [3], and then introduce a wire from a new \virtual
source" v00 to the original source v0 (with the original
routing tree topology still incident to v0) to model a
given technology via this resistance ratio.

A small v00-v0 wirelength corresponds to a small re-
sistance ratio; this arises, e.g., with MCM intercon-
nects. In this regime, monotonicity of all source-sink
paths remains more important than tree cost, and
star-like topologies yield lower delays. When we in-
crease the length of the v00-v0 wire (i.e., increase the
driver resistance), Elmore delay depends more on tree
cost than on the directness of source-sink connections.
This model reects the previous generation of IC tech-
nologies and validates the minimumSteiner and span-
ning tree constructions of existing global routers. Be-
cause the interconnect objective depends on technol-
ogy, the experiments described in Section 3 below use
actual IC and MCM interconnect parameters.

The following sections develop the main contribu-
tion of this paper, namely, a new algorithm that ele-
gantly trades o� between the MST and SPT construc-
tions. Our method is based on directly combining the
constructions of Prim [15] and Dijkstra [5], and is in
some sense the most direct tradeo� possible.

2 Problem Formulation

A signal net V = fv0; v1; : : : ; vng is a set of n +
1 terminals, or nodes, in the Manhattan plane. We
say that v0 2 V is the source terminal, and that the
remaining terminals are sinks. The locations of the
terminals in V induce a weighted complete graph G =



(V;E) where each edge eij 2 E has weight, or cost,
equal to the Manhattan distance dij between vi and
vj

1. A routing tree is a tree T = (V;E0) with E0 � E
and jE0j = n. The cost of a routing tree, c(T ), is the
sum of the costs of its edges. For a given T , we use li
to denote the v0 � vi path weight in T ; the maximum
li value is the tree radius, r(T ).

From the above discussion, we see that minimizing
source-sink Elmore delay involves conicting min-cost
and min-radius goals, and that technology determines
the dominant objective. Although an MST will mini-
mize cost, its radius may be unbounded factor larger
than optimal. On the other hand, an SPT minimizes
radius but may have cost unboundedly higher than the
MST cost (see Fig. 1). This observation motivates the
following:

MST-SPT Tradeo�: Given a net V and a radius
parameter �, construct a routing tree T which has
radius at most��r(TSPT ) and cost at most ��c(TMST ),
where � depends on �. (We call such a tree an (�; �)-
tree.)

 ( a ) ( b )  ( c )

Figure 1: Various routing trees for the same net
with v0 at the center: (a) the shortest path tree;
(b) the minimum spanning tree; and (c) a rout-
ing tree which \trades o�" between the two con-
structions.
Here, the class of shallow-light tree constructions

[2, 4, 10] is of particular relevance. The original con-
struction of Awerbuch, Baratz and Peleg [2], yields
a (1 + 2�; 2 + 2=�)-tree, for parameter � � 0. Using
ideas from [2], Cong et al. [4] and Khuller et al. [10]
developed slightly more e�ective (1 + �; 1 + 2=�)-tree
constructions. Both essentially rely on a depth-�rst
traversal of an MST, adding extra edges as necessary
when the tree radius is found to be too large.

3 The AHHK Tradeo�
Prim's MST algorithm [15] begins initially with the

trivial tree consisting only of the source v0. The algo-
rithm iteratively adds the edge eij and the sink vi to
T , where vi and vj are chosen to minimize

dij s:t: vj 2 T; vi 2 V � T (2)

Dijkstra's SPT algorithm [5] also begins with the
trivial tree consisting only of the source v0. The algo-
rithm iteratively adds the edge eij and the sink vi to
T , where vi and vj are chosen to minimize

lj + dij s:t: vj 2 T; vi 2 V � T (3)

1Note that only the de�nition of dij is dependent on ge-
ometry. All other de�nitions presented may be applied to the
general graph case, where the edge weights do not necessarily
correspond to any embedding of V in the geometric plane.

Our AHHK algorithm iteratively adds the edge eij
and the sink vi to T , where vi and vj are chosen to
minimize

(c � lj) + dij s:t: vj 2 T; vi 2 V � T (4)

for some choice of 0 � c � 1. When c = 0, the algo-
rithm constructs a tree with minimum weight. As c
increases, AHHK constructs a tree with increasingly
larger weight but with lower radius. When c = 1,
AHHK is identical to Dijkstra's algorithm. The com-
pexity of the AHHK algorithm is no worse than that
of Dijkstra's algorithm, i.e., O(n2).

While previous work [2, 4, 10] guarantees the rout-
ing tree has radius no worse that a constant times
optimal, the AHHK algorithm has the much stronger
property that for every sink, li is within a constant
factor of d0i. This is particularly advantageous when
the goal is to minimize average, rather than maximum,
sink delay. So that the following theorem will apply
to general graphs, we de�ne the sink radius ri as the
sum of edge costs in the shortest path in G from v0 to
vi. In the Manhattan plane, ri = d0i.

Theorem 1 AHHK constructs a tree T with c � li � ri
for all sinks vi.

Proof: By strong induction. Assume that for every
ancestor vj of vi in the SPT, c � lj � rj. Consider
a snapshot of T immediately before AHHK adds sink
vi to T . Let vj be the sink in T which is the closest
ancestor to vi in the SPT (possibly j = 0), and let
vk be the sink lying immediately past vj along the
shortest v0 � vi path (vk is not yet in T , and possibly
k = i). Also, let vm denote the parent of vi in T .
Since AHHK adds vi before vk, c � li � c � lm + dmi �
c � lj + djk. By the inductive hypothesis, c � lj � rj,
and by the principle of optimality of shortest paths,
rj+djk = rk � ri. Combining these inequalities yields
c � li � ri.

For any �xed value of c, there exists a general graph
instance on which AHHK will yield a routing tree with
unbounded cost ratio; see Fig. 3. However, we con-
jecture that the cost ratio is bounded when the signal
net V is embedded in the Manhattan plane.

4 Experimental Results

The MST-SPT Tradeo� formulation requires that
an algorithm accept an input parameter � and pro-
duce a tree with radius at most � times optimal.
AHHK uses the parameter 0 � c � 1 to trade o� be-
tween the Prim and Dijkstra algorithms, and returns a
tree with radius at most 1=c times optimal. Similarly,
BRBC [4] accepts a parameter � � 0 and produces a
routing tree with radius at most 1 + � times optimal.
Thus, c � 1=� and � � �� 1. By �xing � we see that
c � 1=(1 + �).

In our experiments, we computed AHHK trees for
21 values of c ranging from 0 to 1 at intervals of 0:05;
we also computed BRBC trees using the corresponding
� values, which ranged from1 to 0. These trees rep-
resent the families of output trees that may be gener-
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Figure 2: Pathological graph input G. G has a
path of closely-spaced sinks between v0 and vk
with path weight 1

c
� e (for e small). G also con-

tains edges of weight e from vk to all other sinks
that are not in this path. Edges shown as dotted
lines are of weight 1, and remaining edges (not
shown) have prohibitively large weight. AHHK
result (b) has cost an unbounded factor larger
than the MST (a).

AHHK BRBC Ave Cost vs. MST Ave Radius vs. SPT
c � AHHK BRBC AHHK BRBC

0.00 1 1.000 1.000 1.616 1.616
0.05 19.00 1.002 1.000 1.576 1.616
0.10 9.00 1.008 1.000 1.411 1.616
0.15 5.67 1.018 1.000 1.359 1.616
0.20 4.00 1.028 1.000 1.288 1.616
0.25 3.00 1.041 1.000 1.237 1.616
0.30 2.33 1.053 1.000 1.192 1.616
0.35 1.86 1.074 1.000 1.144 1.616
0.40 1.50 1.094 1.000 1.113 1.610
0.45 1.22 1.103 1.005 1.101 1.594
0.50 1.00 1.119 1.026 1.082 1.548
0.55 0.82 1.151 1.040 1.061 1.491
0.60 0.67 1.177 1.047 1.045 1.438
0.65 0.54 1.206 1.075 1.028 1.400
0.70 0.43 1.232 1.097 1.020 1.332
0.75 0.33 1.262 1.111 1.015 1.253
0.80 0.25 1.316 1.134 1.008 1.195
0.85 0.18 1.357 1.185 1.005 1.133
0.90 0.11 1.416 1.196 1.001 1.075
0.95 0.05 1.485 1.249 1.000 1.023
1.00 0.00 1.540 1.277 1.000 1.000

Table 1: Cost (versus MST cost) and radius (ver-
sus SPT radius), for nets with 16 sinks. We por-
tray the entire families of routing trees generated
by AHHK for c at intervals of 0:05 and by BRBC
for corresponding � values.

ated by each algorithm over the range of c or � values.2

In the experimental results of Tables 1-2, AHHK and
BRBC may be compared with respect to any given
radius value (rather than by a radius bound) by deter-
mining which algorithm returns the tree with lesser
cost and/or lesser delay.

We ran the AHHK and BRBC algorithms on ran-
dom nets with n = 4, 8, 16 and 32 sinks; the source lo-
cation was also random, and all locations were chosen
from a uniform distribution in the unit square. Due to
limited space, we show only results for n = 16 (Tables
1-2), but we include summary results for all four net
sizes in Table 3. All numbers represent averages over
50 point sets.

In Table 1, we report the average cost (normalized
to MST cost) and radius (normalized to SPT radius)
of the routing trees generated. In Table 2, we report
the results of delay simulations. Our inputs corre-
spond to two distinct technologies: (i) IC is a repre-
sentative 0:8� CMOS process, and (ii)MCM is typical
of current MCM technologies, with lower driver resis-

2For c = 1:00, we actually used c = 0:9999, in order to take
advantage of staircase shortest paths in Manhattan geometry.

IC Technology
Parameter Max Delay vs. MST Ave Delay vs. MST
c � AHHK BRBC AHHK BRBC

0.00 1 1.000 1.000 1.000 1.000
0.05 19.00 0.981 1.000 0.981 1.000
0.10 9.00 0.895 1.000 0.908 1.000
0.15 5.67 0.859 1.000 0.867 1.000
0.20 4.00 0.817 1.000 0.833 1.000
0.25 3.00 0.786 1.000 0.809 1.000
0.30 2.33 0.761 1.000 0.791 1.000
0.35 1.86 0.743 1.000 0.782 1.000
0.40 1.50 0.728 1.000 0.770 1.000
0.45 1.22 0.720 1.002 0.761 1.005
0.50 1.00 0.716 1.005 0.760 1.014
0.55 0.82 0.720 0.992 0.763 1.009
0.60 0.67 0.718 0.966 0.762 0.990
0.65 0.54 0.717 0.974 0.762 0.996
0.70 0.43 0.722 0.967 0.766 0.997
0.75 0.33 0.730 0.923 0.774 0.970
0.80 0.25 0.741 0.904 0.793 0.966
0.85 0.18 0.749 0.898 0.804 0.967
0.90 0.11 0.763 0.858 0.819 0.932
0.95 0.05 0.785 0.853 0.846 0.934
1.00 0.00 0.803 0.795 0.868 0.872

MCM Technology
Parameter Max Delay vs. MST Ave Delay vs. MST
c � AHHK BRBC AHHK BRBC

0.00 1 1.000 1.000 1.000 1.000
0.05 19.00 0.965 1.000 0.962 1.000
0.10 9.00 0.854 1.000 0.859 1.000
0.15 5.67 0.813 1.000 0.808 1.000
0.20 4.00 0.754 1.000 0.753 1.000
0.25 3.00 0.715 1.000 0.718 1.000
0.30 2.33 0.677 1.000 0.685 1.000
0.35 1.86 0.645 1.000 0.662 1.000
0.40 1.50 0.626 1.000 0.638 1.000
0.45 1.22 0.610 1.000 0.621 1.004
0.50 1.00 0.603 0.995 0.614 1.006
0.55 0.82 0.596 0.976 0.602 0.994
0.60 0.67 0.590 0.943 0.595 0.969
0.65 0.54 0.579 0.941 0.582 0.967
0.70 0.43 0.578 0.921 0.575 0.954
0.75 0.33 0.580 0.868 0.578 0.920
0.80 0.25 0.573 0.835 0.576 0.900
0.85 0.18 0.575 0.809 0.576 0.877
0.90 0.11 0.575 0.753 0.574 0.822
0.95 0.05 0.585 0.734 0.582 0.803
1.00 0.00 0.594 0.653 0.593 0.709

Table 2: Comparison of signal delays (computed
using two-pole simulator of [17]) for nets with 16
sinks. We compare the performance of AHHK
versus BRBC at each value of �. IC (top):
AHHK yields 18.0% improvement over BRBC in
max delay, and 16.5% improvement in average
delay. MCM (bottom): AHHK yields 27.2% im-
provement over BRBC in max delay, and 28.9%
improvement in average delay.

IC Parameters
#sinks ALG. Max Delay vs. MST Ave Delay vs. MST

4 AHHK 0.881 (av c = 0.28) 0.903 (av c = 0.29)
BRBC 0.883 0.909

8 AHHK 0.787 (av c = 0.49) 0.811 (av c = 0.48)
BRBC 0.839 0.879

16 AHHK 0.690 (av c = 0.53) 0.739 (av c = 0.49)
BRBC 0.769 0.837

32 AHHK 0.602 (av c = 0.46) 0.644 (av c = 0.45)
BRBC 0.695 0.805

MCM Parameters
#sinks ALG. Max Delay vs. MST Ave Delay vs. MST

4 AHHK 0.803 (av c = 0.38) 0.801 (av c = 0.47)
BRBC 0.813 0.879

8 AHHK 0.674 (av c = 0.59) 0.662 (av c = 0.71)
BRBC 0.736 0.771

16 AHHK 0.540 (av c = 0.66) 0.550 (av c = 0.71)
BRBC 0.643 0.695

32 AHHK 0.429 (av c = 0.64) 0.451 (av c = 0.69)
BRBC 0.558 0.604

Table 3: Summary table. Direct comparison of
the best trees in the AHHK and BRBC families of
solutions for each instance (results averaged over
50 random instances). We also show the average
value of the parameter c that yielded the tree
with best delay.



tance and unit wire resistance.3 The delays at all sink
nodes were measured using the two-pole circuit sim-
ulator proposed by Zhou et al. [17] and discussed in
[3]. This simulator is a computationally e�cient code
which has produced very accurate results (within a
few percent) when tested against SPICE. We consider
both the average delay (taken over all sinks) and the
worst-case delay (i.e., the latest arrival time of the
signal to any sink); all results are normalized to the
corresponding values for the MST routing.

We make the following observations.

1. While BRBC tends to yield lower tree cost for
any �xed �, if we consider the family of trees over
each instance, we see that the AHHK solution will
almost always have lower cost for any given tree
radius.

2. AHHK yields lower worst-case and average-case
signal delay than BRBC (Table 2). As nets be-
come larger, MST radius becomes quite large, and
the delay improvements from the AHHK solution
become more obvious.

3. While tree cost closely reects Elmore delay in the
IC technology, di�erences between the algorithms
are small since both will closely approximate the
MST for those values of � that minimize delay.
On the other hand, since tree radius is dominant
for MCM interconnects, AHHK is superior in this
technology since it gives less cost for a given ra-
dius.

4. For each instance of each net size, we recorded
the c and � values that a�orded lowest signal de-
lay over the entire family of 21 trees generated
by each algorithm. The average \best" parame-
terization is reported in Table 3, and is useful in
guiding the application of AHHK when it is too
expensive to generate an entire family of trees.

5 Conclusions

Analysis of distributed RC delay shows that
performance-driven routing requires tree construc-
tions that can trade o� cost and radius according to
interconnect technology and net size. Previous ap-
proaches [2, 4, 10] essentially rely on a depth �rst
traversal of the MST and insert shortest paths as
needed to maintain a prescribed radius bound. In
contrast, our new AHHK approach directly combines
the recurrences for Prim's MST algorithm and Dijk-
stra's SPT algorithm. The result is an elegant trade-
o� between radius and cost which empirically yields
lower-cost trees than the BRBC algorithm [4] for any
given tree radius. Simulation results show that the
AHHK algorithm constructs routing trees with sig-
ni�cantly less maximum and average delay than the
BRBC method [4], in both IC and MCM intercon-
nect technologies. We are pursuing integration of

3Speci�cs of the technology �les (IC,MCM): driver resis-
tance = (100,25) 
; wire resistance = (0.03,0.008) 
=�m; wire
inductance = (492,380) fH=�m; sink loading capacitance =
(15.3,1000) fF ; wire capacitance= (0.352,0.06) fF=�m; layout
area = (102; 1002) mm2.

the AHHK construction within existing performance-
driven global routers.

Although AHHK can yield tree cost an unbounded
factor greater than the MST cost in general graphs,
we conjecture that AHHK trees have bounded cost for
instances that are embedded in the Manhattan plane,
i.e., there exists a constant � such that AHHK will
always produce a (1=c; �)-tree for any given value of
c. We are also considering alternate Prim-Dijkstra
tradeo�s, as described in [1].
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