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1 Introduction

Learning in neural networks can be formulated as global optimization of a multimodal error function that is
defined over the high-dimensional space of connection weights. This global optimization is both theoretically
intractable [26] [35) and difficult in practice. Traditional learning heuristics, e.g., back-propagation [31] or
Boltzmann learning [11], are largely based on gradient methods or stochastic hill-climbing, reflecting traditional
global optimization approaches (see, e.g., [10] for a survey). While these methods have shown promise on smaller
problem instances, optimizing larger connectionist architectures raises several difficulties which motivate the
present work:

e No performance bounds. Local optima can be arbitrarily far from global optima. Indeed, for certain
“hard” combinatorial optimization instances, the expected result of either the steepest-descent or simulated
annealing approaches will be no better than a random solution [5].

e No estimates of minimal network topology. We cannot tell a priori whether an n-node topology is
capable of a prescribed discrimination task, nor do we know whether our training algorithm will in fact allow a
network to achieve its capability. Thus, choice of network architecture is largely an ad hoc decision. For large
problems, we can only implicitly justify trained solutions as the result of huge amounts of computation, or by
arguing that the training methods had previously been effective on smaller problems.

o Instability. Training heuristics are unpredictable, and sensitive to initial random seeds [17]. Thus, we have
little idea of the incremental benefit of spending additional CPU time on network training. Ideally, methods
will be stable and exhibit a smooth tradeoff between performance and CPU cost.

e Poor scaling. Theoretical results on learning methods are essentially statements of convergence to local
minima in the error surface. This is of little practical impact since local search heuristics exhibit an “error
catastrophe” [15] as problems grow large. We require methods where solution quality scales with problem size.

¢ Finite time requirements. Finally, several learning algorithms (particularly Boltzmann-style algorithms)
are “provably good”, but only in the limit of infinite time. In practice, we require a theory which explicitly
addresses the tradeoff between

This paper gives an overview of current work which is directed toward verifying, and exploiting in practice,
a recent scaling model for neural network error surfaces. We begin the next section by reviewing a model which
describes Boltzmann learning as stochastic search in the error surface [12] [13] [14]. The discussion also reviews a
potentially far-reaching fractal model of neural network error surfaces as instances of a class of high-dimensional
fractional Brownian motions (fBm). The main body of the paper then describes a series of experimental results
for object classification via noisy sensor data in a mine detection application.
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2 Review of Previous Work

In neural network learning, the usual strategy for searching for an optimum weight assignment is to generate
a slight perturbation of the current solution, then decide whether this change should be accepted. How the
perturbation is generated yields structure: certain elements of the solution space are directly reachable from
others, and the induced reachability graph is called a neighborhood structure [22]. The quality of solutions
defines a cost surface over the neighborhood structure, and optimization is search for a global optimum in this
cost surface.

Existing classes of heuristics correspond to various rules for generating a new candidate solution and deciding
whether to adopt the solution. For this discussion, we adopt the general stochastic hill-climbing template in
Figure 1 known as simulated annealing or Boltzmann learning (BL) with temperature parameter T [16]. In
Figure 1, f(z) denotes the value of the cost function for the solution z.

Generate candidate solution z’
If f(2') < f(z) then 2 = 2’
/*always accept improvement */
Else z = 2’ with probability e~(/(=)=f(=)/T
/* Boltzmann acceptance */
otherwise r =z
/* leave z unchanged */

Figure 1: The Boltzmann Learning (BL) Inner Loop.

Basic optimization strategies, e.g., greedy and random search, are limiting cases of BL. Random search can
be approximated by taking a random walk in the neighborhood structure, i.e., iteratively moving to a randomly
chosen neighbor of the current solution, then returning the best cost value found on the walk. This is equivalent
to BL with T = co. At the other extreme, BL with 7" = 0 is equivalent to greedy search. Practical cost surfaces
seem to be best searched using strategies “intermediate” between randomness and greed.

To devise new and effective hill-climbing heuristics, we require a model for the smoothness or correlatedness
of the cost surface. Certainly, for pathological surfaces with a single “gopher hole” as global minimum will
require exhaustive search, and BL will actually be less efficient than enumeration or random search. On the
other hand, BL will be no more useful than greed for “simple” surfaces. As noted in, e.g., [2] and [36], it seems
that hill-climbing would be a win, as it has been in practical experience, when the error surface is “smooth,
but not too smooth”. Slices through small neural network error surfaces have been exhaustively plotted to gain
insight into the structure of actual problems, but no general structural models have resulted.

With this in mind, previous work [12] [13] [14] has proposed a general scaling model for neural network error
surfaces; we note that Sorkin [33] has investigated similar ideas for combinatorial optimization problems in VLSI
layout. Useful definitions (see [12] [33] [38] for necessary background in fractal sets and random processes) are
as follows.

Definition: A similarity transformation, defined by a scalar r € R, maps z € R" to rz.
Definition: An affinity transformation, defined by a vector » € R™, maps z € R" to the vector (r1z1,...,rnZy).

Definition: A set S C R" is self-similar (resp. self-affine) if it is the disjoint union of N rotated and translated
copies of rS, where rS is a similarity (resp. affinity) transformation.

Definition: A fractional Brownian motion (fBm) with parameter H > 0 is a sequence of random variables
X () such that the random variable X (¢2) — X (¢,) is Gaussian with mean zero and variance

E[IX (t2) = X(00)*] o [to — 1 (1)

Because any sample of a fBm is statistically similar to the original fBm [38], fractional Brownian motions are
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called statistical fractals. Equation (1) implies that the scaling of fBm is power-law, e.g., at time ¢ a “drunkard’s
walk” on the one-dimensional lattice has expected divergence of t!/2 from the origin.

The cost profile over a random walk to be the sequence of cost values encountered as we iteratively move to
random adjacent solutions. A fundamental observation due to Sorkin [33] is the following:

Fact 1: The cost profile over a random walk in a high-dimension fBm error surface will itself be a fBm in one
dimension. 0O

In previous work reported in [13] [14], we have found strong evidence for the model of neural network error
surfaces as high-dimensional fBm. Specifically, the parameter of fBm can be extracted by spectral analysis of
the error profile as we take a random walk in weight space. A natural algorithmic approach to quantifying the
pseudo-fractalness (i.e., smoothness) of the error surface is: (i) take a small (random-walk) sample of the weight
space, (ii) treat the error values over this sample as a time series Xj,..., Xr, (iii) take the discrete Fourier

transform (DFT) X(f,T)
T
X(f,T) = 1/T/ X(t)e2 S dt |
0

and (iv) plot the resulting spectral density, or periodogram Sx (f)
Sx(f) = lim T-|X(f,T)[*
T—o0

on a log-log scale to confirm the power-law scaling via a straight-line fit. For example, the 1-D drunkard’s
walk would correspond to fBm with parameter H = 1/2, and the fitted slope of the log-log plot of the power
spectrum is —1/2.} Since the DFT algorithm is O(n log n), where n is the length of the random walk, and
since the sampling of error values along the random walk may be performed in parallel, we have a very efficient
computational methodology.?

Over the past year and half, a number of experiments have addressed aspects of this general scaling model for
large-scale optimization, dealing with a wide range of benchmark classification tasks from the literature, as well
as practical tasks involving various types of real-world sensor data (e.g., ground-penetrating radar, FLIR images).
We have implemented standard DFT code [28] along with standard moving-window smoothing techniques using
C in a Sun-4 environment. Our results confirm that error surfaces over a wide range of classification tasks and
connection topologies are indeed describable as high-dimensional fBm. We emphasize that the power-law scaling
relationship is very strong in all of the examples that we have considered.

The most far-reaching implications of our scaling model have to do with bounded-time search, i.e., how
should network training be performed given a limit of k time steps? Mitra et al. posed this problem in [25], but
centered on imperfect convergence to stationarity in the general simulated annealing process. Under our model,
we may address the special problem of searching a fractal surface for a global minimum; our analysis begins
with the case where only a single value of T in the annealing inner loop is allowed (such a search is called a
diffusion at temperature T'). One can show:

Fact 2: In searching a high-dimensional fBm surface for a global optimum, the optimal diffusion temperature
T (i.e., the value of T which gives the best expected result at time k) is a function of the k and the fBm
parameter H. O

Sorkin [33] showed that the Boltzmann learning algorithm is provably good in the sense that it will reach the
optimum solution in polynomial time on a class of deterministically constructed fractal surfaces. Moreover, this
result can be slightly strengthened. This lends hope that Boltzmann learning, which is no more efficient than
exhaustive search on pathological error surfaces, is actually very effective for “real” error surfaces.

In general, the value of H is estimated by —2 times the slope of the log-log plot of the amplitude of the Fourier transform
plotted against time in the random walk.

2As a minor technical point, note that it is theoretically impossible to prove that a finite sample of a cost profile is truly fBm;
however, we may subject the sample to statistical tests. We formalize this distinction by defining an error surface to be pseudo-fractal
if the cost profile over a random walk in the neighborhood structure is statistically indistinguishable from fBm.
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Experiments in [13] plotted average best-so-far error (BSFE) (the minimum error seen during the first & steps
of the random walk) versus 7', and obtained unimodal curves which confirm both the existence of an optimal T'
each given k, as well as the expected shift of the optimum temperature T as the time bound k varies. Studying
the performance of bounded-time hill-climbing search in this way suggests the concept of a natural time scale,
or relaxation time, for each optimization instance [32]. Thus, the scaling of best-so-far energy can be used to
predict ground state energy in the annealing, i.e., the cost of the global optimum solution. Other results in [12]
[13] have addressed the robustness of the random walk-based estimates.

As noted in [14], the most promising result of the scaling model is a methodology for applying the BSFE scal-
ing in Boltzmann learning to determine connectionist architectures that are likely to be trainable to prescribed
capability within a given time bound. In other words, we can examine the early progress of the Boltzmann learn-
ing algorithm to see if success is likely; if not, then a new connectionist topology can be tried. The remainder
of this paper, we report on some recent experiments to this end.

3 Experimental Results With Noisy Sensor Data

Previous work reported in [13] and [14] observed strong straight-line fits have been observed in neural network
error surfaces. However, these results were obtained in the context of such “classic” problems as the parity or
encoder functions. With these tasks, there is a high degree of symmetry in the problem structure and thus the
relevance of the fractal model to practical applications remained unclear. With this in mind, our recent work
has studied the scaling properties of neural network error surfaces induced from ground sensor data obtained
via the wave guide beyond cutoff (WGBCO) microwave technique [29] at U.S. Army Belvoir RD&E Center.

The preliminary experiments that we report shed light such issues as (i) the optimal learning strategy given
k time steps, and (ii) determination of the simplest neural network architecture that can be ezpected to be
trained to a desired level of performance in k steps. Our testbed has been previously treated by researchers

from Colorado State University and Stanford University, and so the reader is also referred to such references as
[34] and [21].

3.1 Description of Datasets

The data used in this study was collected by the U.S. Army at the Fort Belvoir research center. The data
was taken from two virtual mine lanes which respectively contained nylon and wood target blocks buried in
dry loamy soil. The first mine lane (60 feet by 3 1/3 feet) contained 15 nylon target blocks and the second
lane (63 feet by 3 1/3 feet) contained 12 wood target blocks; each block measured 12”x12”x3”. Readings were
collected at equally spaced points (every 1.25 inches) in the lanes, using a microwave separated-aperature sensor.
Although data was collected for 51 different frequencies at regular intervals between 600 MHz and 1 GHz, the
only frequency used in this analysis was 792 MHz, which was the resonant frequency of the sensor.

Given the mine lane dimensions listed above, the data files were of size 486x27 for the nylon target lane and
504x27 for the wood target lane. Two additional “ground truth” files were provided by colleagues at Belvoir
RD&E Center, indicating whether a target was actually present at each of the data points in the two lanes.
Because each target has size of approximately 11x11 data points but is allowed to take on any orientation, a
window of size 15x15 is necessary to ensure that an entire target can be contained within one window. Therefore,
square windows of this size are used in our study. Our experiments differ considerably from previous studies
which used these datasets [21] [34]. To be specific, earlier work was concerned with adaptive learning rules, and
addressed the training of very large network topologies containing hundreds of nodes. By contrast, we examine
the rapidity with which various simple network architectures can be reliably trained; our goal is to determine
the simplest architecture which high likelihood of being trained to achieve perfect target classification. (As will
be seen below, very simple networks suffice to solve this particular target recognition problem, suggesting that
the problem is in some sense an “easy” benchmark.)
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Given the 15x15 size of each window, a naive neural network implementation using uncompressed input data
would require 225 input nodes and a very large amount of computer time. Thus, we have used a the Karhunen-
Loeve (KL) transform, a principal components method, to reduce the number of inputs while retaining much of
the information from the original inputs. Previous workers have also applied the KL transform to the present
image recognition task (for example, see [23], [34] and [37]). The KL transform requires calculation of a 225x225
covariance matrix over the input windows and then computation of eigenvectors for the covariance matrix. Each
eigenvalue represents the portion of total variance of the 225 represented by the corresponding eigenvector.

In our analysis, each target lane is divided into two parts: the top half is for training the neural networks
and the bottom half is for network simulation. The covariance matrix used by the KL transform was computed
using all possible windows in the top halves of the two lanes (there are 2,977 windows in the top half of the
nylon lane, and 3,094 windows in the top half of the wood lane). This large number of windows was used with
the expectation that a larger sample for the covariance matrix will improve the accuracy of the compresed data,
thus improving simulations in the bottom halves of the arget lanes. After computation of the eigenvectors and
eigenvalues, the eigenvectors were sorted by the size of their eigenvalues. Each eigenvalue represents the portion
of total variance of the window data as “captured” by its corresponding eigenvector. The results of calculation
indicate that the first 10 eigenvectors contain 73.2 percent of the variance in the 792 MHz readings from the
225 window points. In other words, we can reduce the number of data points in each window from 225 to to 10
and retain about 70 percent of the original information (as measured by the covariance matrix). (It should be
noted that a covariance matrix only represents dependencies between pairs of variables, and misses information
if the dependencies between window points are more complicated.) Table 1 shows the first 15 eigenvalues.

Rank | Eigenvalue [ % of Variance | Cumulative %
1 2,141.3 21.0 21.0
2 1,429.7 14.0 35.0
3 1,083.0 10.6 45.6
4 676.8 6.6 52.2
5 604.0 5.9 58.1
6 535.5 5.3 63.4
7 290.5 2.9 66.3
8 281.0 2.8 69.1
9 220.4 2.2 71.3
10 190.1 1.9 73.2
11 148.4 1.4 74.6
12 143.8 1.4 76.0
13 121.9 1.2 77.2
14 105.1 1.0 78.2
15 101.9 1.0 79.2

Table 1: Eigenvalues of the covariance matrix from all top half windows. Total variance
= 10,186.1; average variance per window point = 10,186.1 / 225 = 45.27; average
standard deviation per window point

Finally, a training set was chosen from windows in the top half of each of the two target lanes. To facilitate
learning, windows were chosen that contain either all of a target block or no part of a target block.® Each wood
or nylon target was represented in the training set by one target window. One window was also chosen in the
space between any two consecutive targets to represent a background window. (In the target lanes, each target
is positioned far enough away from other targets that at least a full background window can be placed between
them. Furthermore, the targets are placed in the lanes so that no two targets can occupy space in the same row
of data.) A total of 29 training windows were selected; these may be categorized as follows: nylon target (8),
nylon background (8), wood target (6) and wood background (7).

3An attempt was also made to use the same training windows as in a previous study involving the same data [34]. However,
exactly which training windows were used in [34] is not clear from the descriptions provided. Consequently, the windows in this
study are at least slightly different.
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3.2 Experiments With Neural Network Architectures

We studied feedforward networks with one hidden layer and connections existing only between adjacent layers.
In this class of architectures, each node has an “offset” or “bias” weight in addition to weights between itself
and all other nodes in the previous layer. The standard logistic function is used as a squashing function on
the activation to all hidden and output nodes. Most of the network architectures we tested have two output
nodes (alternate architectures with one output node and with three output nodes were also considered). In
the two-output architectures, the desired outputs take on the following values: (i) 0 0 - a background window
(nylon or wood lane); (ii) 1 0 - a nylon target window; or (iii) 0 1 - a wood target window.

The expected output and first six input values obtained from the Karhunen-Loeve transform are presented
in Table 2 for each of the 29 training cases. From the table it is evident that the sign of the first input is almost
sufficient for distinguishing between target and background windows, but not between nylon and wood targets.

Nylon Wood 1st 2nd 3rd 4th 5th 6th

Target | Target Input Input Input Input Input Input
96.12 -5.17 29.50 -6.55 52.01 -3.98
102.86 7.80 -33.00 | -24.20 25.80 16.49
58.40 -37.51 20.82 | -17.03 | 101.04 | 45.64
8.67 44.06 | -60.68 | -32.36 34.13 15.39
33.27 -59.84 9.81 33.42 13.45 -14.33
98.26 -13.73 | 22.63 | -24.66 43.33 47.20
83.24 32.29 36.56 | -35.03 62.51 17.79
41.21 10.41 39.76 | -41.83 27.80 55.83
43.70 7.63 -22.86 -6.97 2.30 -15.64
-8.10 28.77 3.40 -0.03 -27.23 5.66

-21.49 -0.93 -3.28 -38.03 10.62 -20.61
-2.10 40.82 12.56 | -36.51 22.93 4.98
-12.53 | -32.44 -2.35 10.69 -1.52 16.30
-50.47 | -12.87 [ 28.01 14.54 -21.59 25.10
-25.02 -2.41 -15.24 -5.69 -20.78 4.27
-14.02 31.78 -2.38 9.82 -18.35 15.16
51.58 -31.24 47.67 | -43.51 49.83 17.51
54.44 -26.86 18.20 | -44.45 43.62 32.80
8.93 -23.58 -1.36 -15.97 53.21 25.58
59.04 -25.32 53.49 -9.50 27.74 9.25

102.19 7.77 -44.13 -8.25 51.67 17.68

23.11 -5.98 -6.27 -1.37 17.06 33.42
-62.72 47.22 -3.31 -7.43 10.15 4.87
-49.96 10.22 -26.63 | -14.10 3.90 -24.10
-40.75 21.53 41.51 -24.67 27.23 9.29
-67.49 -15.26 | -53.75 19.59 5.34 6.13

-61.43 15.98 -2.67 -14.08 | -10.00 14.56
-88.16 | -39.40 | -39.30 | -20.47 50.03 16.08
-66.08 25.35 3.63 -25.55 7.84 9.18

OOOOOOONHNHHD—'OOOOOOOOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOH»-H»—»—»-r-a>—-

Table 2: Training input.

The networks were trained using the BL algorithm with constant temperature T'; the objective function for
minimization was the sum of squared errors (SSE) between the expected and actual network outputs.? Initial
weights were generated randomly from a uniform distribution between -0.1 and 0.1. Relative to final weights,
these starting values were quite close to zero, again reflecting common practice. At each iteration, new weights
were generated from the old weights using a randomly chosen perturbative step from the range -0.05 to +0.05.

The various network architectures were trained with different fized temperatures (i.e., a degenerate annealing
schedule) to compare the effectiveness of the Boltzmann learning algorithm under different conditions. The
parameters whose variation we studied most in this study were: (1) number of input nodes; (ii) number of
hidden nodes; (iii) the (fixed) temperature of the Boltzmann diffusion; and (iv) the number of iterations, or
steps in the search process.

4This objective function is popular for the ease with which gradients may be computed. Separate work has made comparisons
between BL and the gradient descent and conjugate gradient classes of training algorithms, but is beyond the scope of the present
discussion.

SPIE Vol. 1710 Science of Artificial Neural Networks (1992)/ 773



The inputs used were the values for each window obtained by the the Karhunen-Loeve transform. The inputs
chosen were always the ¢ input values created by the eigenvectors with the 7 largest eigenvalues. In other words,
the ¢ inputs were used that maximize the amount of variance in the window covariance matrix. (Additionally,
all of the original sensor values were normalized so that their means over the first half of the target lanes were
equal to zero.)

The number of hidden nodes was varied from 2 to 12, with two additional architectures trained with 16 and
32 hidden nodes. Boltzmann temperatures were tested at values of 0.5, 0.05, 0.005, and 0. (Recall from the
statement of the Boltzmann loop that at temperature zero, a random step is taken only if it produces lower
objective function.) At each iteration number equal to a power of two, statistics were compiled on the best-so-far
value of the objective function; each run lasted for a total of 65,536 iterations. For each network architecture and
Boltzmann temperature, a total of ten training runs were made from different starting values. More runs may
have improved the minimum objective values achieved, but were not attempted because of CPU constraints.

Based on previous theoretical and experimental results [13] [14], we expected the following results. First, we
expected that a larger architecture would train more slowly than a smaller architecture, especially if both were
capable of being trained to the same value of the objective function. In other words, given architectures with the
same “trainability” attributes, the more complicated topologies would be harder to train. Second, we expected
to find optimal temperatures that would vary for different architectures in some systematic way. Finally, we
expected that this optimal temperature would almost always be greater than zero, since a temperature of zero
prevents the algorithm from escaping from local optima.

3.3 Results and Conclusions

Tables 3, 4 and 5 give the average sum of squared errors after 4,096, 16,384 and 65,536 iterations.> These results,
along with those of Table 6, suggest some interesting properties of training on the microwave sensor data:

1. The optimal Boltzmann temperature varies depending on the network architecture. In almost all cases,
however, the a zero temperature is not optimal.

2. The trainability of networks (based on the average size of the objective function after a constant number of
steps) increases as the the network size increases, except for very large architectures. For large architectures
trainability decreases at a slow rate.

It should be noted, however, that the actual number of calculations per step (based on the total number
of weights) increases linearly in the number of input nodes times the number of hidden nodes. However,
a fair comparison can be made, for instance, between a 4 input, 4 hidden node network after 64k steps
and an 8 input, 8 hidden node network after 16k steps. The smaller network achieves a average objective
function of 1.31 at temperature 0.05, while the larger one achieves a 0.17 average objective function. This
implies that large architectures can train more easily than smaller ones using approximately the same
number of computations. This observation cannot be explained by the inability of a 4 x 4 x 2 network to
“learn” these training cases: As can be seen in Table 2, a 4 x 4 x 2 network can be trained to an objective
function very close to zero.

Another “fair” comparison can be made between architectures with 4 input nodes and 4, 8, 16, and 32
hidden nodes after 64k, 32k, 16k, and 8k steps respectively. The average best-so-far SSE in these cases were
1.31, 0.18, 0.26, and 0.61 at temperature 0.05. These values again indicate a general trend of increasing
trainability for larger networks except for very large networks, where training gradually becomes more
difficult with increasing size.

5Parallel experiments treated network architectures with three output nodes; each output node thus represented either a nylon
target window, a wood target window, or a background window. The difference in trainability and in performance of simulations
was not qualitatively different. A parallel study by Mark Plutowski of UC San Diego trained a network with just one output node
(values of 0.2 for background windows, 0.5 for nylon target windows, and 0.8 for wood target windows). Again, the results were
not qualitatively different.
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3. Of the network architectures tested here, the 4 input and 4 hidden unit and the 8 input and 2 hidden unit
networks appear to be the smallest networks that can be trained almost perfectly (for the training cases
alone). Note that these are much smaller than those obtained by previous researchers who have worked
with the same datasets.

Number of | Temp Number of Hidden Nodes
Inputs 2 4 6 8 10 12 16 32
2 0.5 6.43 5.40 5.18 4.42

0.05 6.26 | 4.28 2.50 1.84
0.005 5.86 | 4.30 3.83 2.43

0 6.11 5.45 4.91 3.17
4 0.5 6.30 | 4.84 3.18 3.02 2.88 2.69 2.16 1.82

0;005 4:84 2.32 0.75 0.82 0.60 0.57 0.81 1.10
0 5.28 | 2.51 2.14 0.98 0.53 1.25 1.02 1.38

0:05 4.29 1.58 0.21 0.17 0.02 0.02
0.005 4.77 | 1.58 0.22 0.20 0.003 | 0.003

0 5.00 [ 2.55 1.38 0.11 0.45 0.21
8 0.5 6.35 | 5.78 3.81 3.06 2.32
0.05 4.30 | 0.49 0.01 0.02 0.006
0.005 | 3.55 | 0.77 0.01 0.002 0.19
0 485 | 2.44 0.02 0.18 0.34
10 0.5 4.86 4.17
0.05 0.52 0.17
0.005 0.84 | 0.001
0 2.05 1.05
12 0.5 4.81 4.11
0.05 0.31 0.01
0.005 0.10 | 0.001
0 1.27 0.62

Table 3: Average (of 10 runs) Best So Far SSE after 65,536 Steps. Step size used is
between -0.05 and +0.05; SSE computed over 29 training cases.

Number of | Temp Number of Hidden Nodes
Inputs 2 4 6 8 10 12
2 0.5 693 | 584 | 558 | 5.29

0.05 6.39 [ 5.10 | 3.00 | 2.45
0.005 5.99 | 5.07 | 4.27 | 3.61

0 6.17 | 547 | 525 | 4.67
4 0.5 714 | 6.08 | 4.36 | 4.30 | 4.28 | 4.09
0.05 5.02 | 2.15 | 096 | 048 | 0.29 | 035
0.005 5.15 | 3.02 | 1.66 | 237 | 235 | 2.15

0 533 | 3.15 | 299 | 227 | 243 | 2.37
6 0.5 691 | 6.28 | 511 | 448 | 449 | 4.41
0.05 4.41 260 | 0.56 | 0.57 | 0.18 | 0.17
0.005 5.11 2.19 | 0.80 1.20 1.20 1.05

0 512 | 294 | 1.88 | 099 | 146 | 2.23
8 0.5 667 | 683 | 539 | 4.14
0.05 468 | 095 | 036 | 0.17
0.005 430 | 1.76 | 0.36 | 0.38

0 5.56 | 2.62 | 0.53 | 0.81
10 0.5 6.00 | 5.84
0.05 1.07 | 0.44
0.005 1.93 | 0.23
0 223 | 1.23
12 0.5 590 | 5.35
0.05 0.57 | 0.28
0.005 0.80 | 0.13
0 139 | 0.78

Table 4: Average (of 10 runs) Best So Far SSE after 16,384 Steps. Step size used is
between -0.05 and +0.05; SSE computed over 29 training cases.

Results were ambiguous regarding the hypothesis that the surface of the search space in the neural network
optimization problem is pseudo-fractal. Recall that a primary motivation for our work is that an approximation
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Number of | Temp Number of Hidden Nodes
Inputs 2 4 6 8 10 12

2 0.5 8.08 [ 6.63 6.50 6.40
0.05 6.71 5.44 4.53 4.26
0.005 6.19 5.38 5.17 | 4.93
0 6.27 5.57 5.45 5.26

4 0.5 8.39 7.10 6.01 5.93 5.91 5.73
0.05 5.96 | 3.66 2.88 2.24 2.10 1.88
0.005 5.34 4.28 2.99 4.25 4.17 3.43
0 5.85 | 4.52 4.06 3.71 4.31 3.80

6 0.5 8.04 7.56 6.69 6.43 5.81 5.46
0.05 5.62 3.83 2.12 2.17 1.80 1.73
0.005 6.11 3.14 2.89 3.31 3.66 3.23
0 5.23 | 3.91 3.26 3.37 | 3.27 | 3.85
8 0.5 7.77 | 7.34 717 | 6.12
0.05 5.35 2.71 2.00 1.41
0.005 5.30 2.73 2.30 4.33

0 5.82 | 3.46 2.58 | 3.07
10 0.5 7.78 | 7.05
0.05 2.25 1.65
0.005 3.09 1.88
0 3.04 | 247
12 0.5 7.09 | 6.65
0.05 1.85 1.23
0.005 2.19 1.77
0 2.12 | 201

Table 5: Average (of 10 runs) Best So Far SSE after 4,096 steps. Step size used is
between -0.05 and +0.05; SSE computed over 29 training cases.

Number of Number of Hidden Nodes
Inputs 2 4 6 8 10 12

2 5.23 2.38 1.37 1.02

4 3.26 0.09 0.02 0.000 | 0.001 | 0.003
6 3.22 0.01 0.001 | 0.000 | 0.000 | 0.000
8 0.000 | 0.000 | 0.000 | 0.000

10 0.000 | 0.000

12 0.000 | 0.000

Table 6: Minimum (over 10 runs and over all temperatures) of Best So Far SSE after
65,536 Steps. Step size used is between -0.05 and +0.05; SSE computed over 29 training
cases.

of the fractal dimension of the random walks may be used as a predictor of which architectures can be trained to
an error of zero, which architectures will train most quickly, or perhaps which Boltzmann diffusion temperature
will be optimal.

We estimated the fBm parameter for various network architectures using random walks with 16,384 steps.
To apply the methodology of [13], it was necessary to divide the random steps into discrete sizes: the change
in each weight was allowed to take on 21 possible values uniformly between -0.05 and 0.05 (including 0). The
DFT was performed on each random walk, and resulting magnitudes were smoothed using a moving-window
geometric average with window size 20. To increase the accuracy of estimation for the parameter of fBm, the
results of 10 separate random walks for each network architecture were averaged. An estimate of the standard
error of the average estimate was also computed. Table 7 summarizes the estimates of “fractal dimensions”.

Clearly, there are only small variations in the slope of the straight-line fit (i.e., the parameter of fBm). We
may test the significance of these variations as follows. If we assume that the parameter estimates for each
architecture are normally distributed, we may apply a two-sample Student’s ¢ test to test the hypothesis that
any two values in Table 7 are the same. The ¢ statistic to test whether two sample means come from the same
distribution is
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Number of Number of Hidden Nodes
Inputs 2 4 6 8 10

2 4239 .4130 4150 4083 4060
(.0027) | (.0055) | (.0042) | (.0054) | (.0034)

4 .3970 4068 .4037 3977

(.0046) | (.0047) | (.0046) | (.0044)
6 4184 3927 3997 3917 3872
(.0032) | (.0053) | (.0030) | (.0044) | (.0049)

8 4203 .4008 3916 .3938

(.0045) | (.0059) | (.0043) | (.0046)

10 4181 4004 3851 .3884

(.0033) | (.0062) | (.0061) | (.0034)
12 .4008 .3867
(.0022) (.0031)

Table 7: Estimated fractional Brownian motion parameters of different architectures
using random walks of length 16,384; average taken over 10 random walks. (Standard
Errors in parentheses.)

YI_YZ
t= 1/2
L+_1_[(n,-—1)512+(n2—1)522
n) na ni4+n,—2

where X, and X, are the sample means; n, and n, are the sizes of the samples; and S? and S? are the sample
variances. This statistic is Student distributed with n; + ny — 2 degrees of freedom. For example, to test the
Brownian motion parameter estimate for the 2 input and 2 hidden node network versus that for the 4 input 2
hidden node network, we substitute X; = .4239; X» = .3970; n; = ny = 10; S} = 9 % .00272 = 6.56 % 10~5;
and S = 9x.0046% = 1.90 * 10~*. The t-value is then 8.85, which is significant at the 95 and 99 percent
levels. (The thresholds for 18 degrees of freedom are 2.101 and 2.878 for the 95 and 99 percent confidence levels,
respectively.) A statistical test of the hypothesis that all the Brownian parameters are the same would require
an analysis of variance using all of the slopes used to create Table 7. This test has not yet been made.

Table 7 shows only a small variation in the fBm parameter for different architectures, and no clear relation
relation between the size of the network and the “fractal dimension” of its cost surface is discernible. With this
in mind, current work is more closely investigating several possibilities, including: (i) that the error surface is
not fractal; (ii) that our measure of the “fractal dimension” of the cost surface is not correct; and (iii) that the
“fractal dimension” does not vary significantly for different neural networks which are being trained on the same
data.

While these experimental results are not as supportive as earlier data, the new directions in the selection
and training of neural networks suggested by the theoretical scaling model of [13] [14] are still promising. In
particular, the implications of the model for bounded-time training seem practically useful; thus, current work
continues to pursue methodologies which effectively match the network architectures with the intrinsic difficulty
of the recognition task.
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