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Abstract

Designof DNA arraysfor very large-scalémmobilizedpolymersynthesigVLSIPS)[10] seekgo minimize ef-
fectsof unintendedllumination duringmaskexposuresteps Hannenhalletal. [11] formulatethisrequiremenasthe
BorderMinimization Problemandgive analgorithmfor placemenbf probesat arraysitesunderthe assumptiorthat
thearraysynthesigs synchronousi,e., nucleotidesresynthesizedh a periodicsequencéACGT)K andevery probe
grows by exactly onenucleotidewith every groupof four masks.Drawing on the analogywith VLSI placementin
this papemwe describeandexperimentallyalidatetheengineeringf severalscalablehigh-qualityplacemenheuris-
ticsfor bothsynchronousndasynchronouBNA arraydesign.We give empiricalresultson bothrandomlygenerated
andindustrytestcaseson rming the scalabilityandimproved solutionquality enjoyed by our methods.In general,
our techniquesmprove on state-of-the-arindustrialresultsby over 4%, andsurpasscademicallypublishedresults

by up to 35%. Finally, we give lower boundsthatoffer insightsinto the amountof availablefurtherimprovements.

1 Intr oduction

DNA probearrays or DNA chips, have emegedasa coregenomictechnologythatenablesost-efective geneexpres-
sion monitoring,mutationdetection single nucleotidepolymorphismanalysis,andothergenomicanalysegsee[20]

for asuney). DNA chipsaremanuficturedthrougha highly scalableprocesscalled Very Large-Scalelmmobilized
PolymerSynthesigVLSIPS)thatcombinesphotolithographidechnologiesadaptedrom the semiconductoindustry
with combinatorialchemistry Commerciallyavailable DNA chipscontainmore thanhalf a million probesandare
expectedo exceedonehundrednillion probesn thenext generatiorf20]. Thedesignof DNA arraysraisesanumber
of challengingcombinatorialproblems,suchas probeselection[19, 22], depositionsequencelesign[18, 27, 23],

probeplacemenfl1], manufcturingquality control[3, 15, 24], etc. In this paperwe studythe Border Minimization

Problemthatwasrecentlyintroducedoy Hannenhallietal. [11].

Preliminaryversionsof theresultsin this paperhave appearedn [16] and[17].
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As describedn [10], during VLSIPSthe sitesof a DNA probearrayareselectvely exposedto light in orderto

maskswith eachmaskM; inducingdepositionof a particularnucleotides; 2 f A;C; T; Gg) atits cleararraysites.The
nucleotidedepositionsequenc&= s15,:::s¢ correspondingo the sequencef maskss thereforea supersequenazf
all probesequencem thearray Typically, Sis assumedo beperiodic,e.g.,S= (ACGT)¥, where(ACGT) is aperiod
andk is the (uniform) lengthof all probesn thearray

Optical effects(diffraction, re ections, etc.) cancauseunwantedillumination at masled sitesthatareadjacento
the sitesintentionallyexposedto light, i.e., at the border sitesof clearregionsin the mask. This resultsin synthesis
of unforeseersequencem masledsitesandcompromisesnterpretatiorof experimentadata. To reducesuchuncer
tainty, onecanexploit the freedomavailablein how the probesareassignedo arraysites. The Border Minimization
Problem(BMP) [11] seeksa placemenbf probesthatminimizesthe sumof borderlengthsin all masks.

Obsenre that, in general,a given probecanbe embeddedvithin the nucleotidedepositionsequencé in several
differentways! We mayview thearraydesignasa three-dimensiongblacemenproblem(seeFigure1): two dimen-
sionsrepresenthe sitesof the array andthe third dimensionrepresentshe depositionsequencé&. Eachlayerin the
third dimensioncorrespondso amaskinducingdepositionof aparticularucleotidg(A, C, G, or T), andeachcolumn
within thisthree-dimensionallacementepresentationorrespond$o aprobeembeddedhto thedepositiorsequence
S. Theborderlengthfor a given maskis computedasthe numberof con icts, i.e., pairsof adjacentransparenand
masledsitesin the mask.Giventwo adjacenembeddegbrobesp and p® thecon ict distanced(p; p9 is thenumber
of con icts betweerthe correspondingolumns.Thetotal borderlengthof a three-dimensiongdlacements the sum
of con ict distancedbetweeradjacenprobes.

We distinguishtwo typesof DNA array synthesis.In syndironoussynthesisthe it period (ACGT) of the peri-
odic nucleotidedepositionsequencé synthesizes single nucleotide(the it") in eachprobe. This correspondso a
unique(andtrivially computedembeddingf eachprobep in the sequencs, seeFigure2(a-b). Ontheotherhand,
asyntironousarraysynthesigpermitsarbitraryembeddingsasshaovn in Figure2(c-d).

Our contritutionsareasfollows:

1. Improved assignmentof probesto sitesfor synchronousarray synthesis. Previous work on DNA array
synthesishasconsiderednly the synchronougontext, whenthe con ict distancebetweerntwo probesis d(p; p9 =

2h(p; p%, with h(p; p9% denotingthe Hammingdistancebetweenp andp°(i.e.,thenumberof positionsin which p and
p?differ). As recountedn [11], the rst arraydesignat Affymetrix usedatraveling salesmamroblem(TSP)heuristic
to arrangeall probesn atourthatheuristicallyminimizedHammingdistancebetweemeighboringorobesn thetour.

Thetourwasthenthreadednto the two-dimensionahrrayof sites.[11] enhancedhis threadingapproacho achieve
up to 20% borderlengthreductionfor large chips. In Section3, we suggesepitaxial placementeuristicsthat start
by placingarandomprobein the centeror cornerof the arrayandthencontinueto insertprobesin sitesadjacento

already-placegrobes soasto greedilyminimize the numberof inducedcon icts.? We alsodemonstrat¢he value

1An embeddegrobeq is de ned asa sequencef lengthK = j§ over the alphabef A;C; G; T;bg suchthatthe j" letter of q is eitherb (for

blank)or s;j, the jth letter of thenucleotidedepositionsequencé.
2A similar heuristichasbeenrecentlyexploredby Abduesa andSkvortsar [1].
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of simple ordering-basednethodsfor initial placementand proposethe useof a scalablesliding-windav technique
having antecedenti large-scaléntegratedcircuit placemenf9, 13, 21, 25|, aswell asalocalimprovementoperator
basedn optimalreassignmentf anindependensetof probes.A recurringmotif is theanalogybetweersilicon chip
designandDNA chip design,pointing to the valueof technologytransferbetweerthe 40-yearold VLSI CAD eld
andthe newer realm of probearray design. Experimentalresultscon rm the linear runtime scalingandimproved
solutionquality comparedo previous methods.

2. Dynamic programming algorithms for optimal embeddingof single probesand iterati ve algorithms for full
chip in-place optimization of probeembedding Notethatin theasynchronousontext, thecon ict distancebetween
two adjacenprobesdepend®ntheirembeddingSectiond proposeslynamicprogrammingalgorithmsthatoptimally
embedagivenprobewith respecto x edembedding®f theprobesneighborsThisdynamicprogrammingalgorithm
is usedasthe key subroutinein methodsfor iterative in-placeoptimizationof probeembeddings.We proposeand
comparehreesuchmethodsreferredto asBatchedGreedy Chesshoat, andSequentialAlignmentalgorithms.

3. Lower bounds for synchronous and asynchronous array design problems. In Section2 we give a priori
lower boundson the total borderlength of the optimum synchronousolution basedon Hammingdistance and of
the optimumasynchronousolutionbasedon the lengthof the LongestCommonSubsequenc@.CS). Thesegive an
estimateof the potentialfor future improvementsn probeplacementlgorithms.In Section4 atighter LCS-distance
basedower boundis obtainedfor the in-placeprobeembeddingoroblem,yielding boundson possibleimprovement
from exploiting this degreeof freedomalone.

4. Engineering of a scalable,high-quality o w for asynchronousDNA array design. In Section5 we give de-
tails on how to handlepracticalextensionsand constraintssuchasdistance-and position-dependeriiordercon ict
weights,andthe presencef polymorphicprobes(SNPs)in the instance.Throughoutthe paper we describeandex-
perimentallyvalidatenumerousalgorithmicandimplementatiorchoices.Finally, in Section6 we give experimental
resultson both randomlygeneratec&ndindustrytestcaseshaving that our approachearehighly scalableandgive

placement®f higherquality comparedo previousmethods.

2 Array DesignProblem Formulations and Lower Bounds

In this sectionwe give graph-theoreticalormulationsfor the synchronousand asynchronousariantsof the array
designproblem.For bothvariants we give lower boundson the costof optimumsolutions.

Following thedevelopmenin [11], let Gy (V1; E1; wi) andGa(Va; E2; we) betwo edge-weightedraphswith weight
functionsw; andw,. (In the following, any edgenot explicitly de ned is assumedo be presentin the graphwith
weightzero.)A bijective functionf : V! V; is calleda placementf G, on G;. Thecostof the placements de ned

as

cog(f)= & walxy)wa(f (X);f(¥)):
Xy2Vo

The optimalplacemenproblemisto nd aminimumcostplacemenbf G, on G;.
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The borderminimizationproblemfor synchronousirraydesigncanbe castasan optimal placemenproblem. In
this casewe let G2 be a two-dimensionabrid graph correspondindo the arrangemenof sitesin the DNA array
i.e.,,V(G2) hasN N verticescorrespondindo arraysites,andE(G2) hasedgeweightsof 1 for every vertex pair
correspondindo adjacensites,andedgeweightsof 0 otherwise.Also, let H be the Hamminggraphde ned by the
setof probes,i.e., the completegraphwith probesas verticesand eachedgeweight equalto twice the Hamming
distancebetweercorrespondingrobes.The borderminimizationproblemfor synchronousrraydesigncanthenbe

formulatedasfollows:

Synchronous Array Design Problem (SADP). Find a minimum-costplacemeniof the HamminggraphH on the

two-dimensionagrid graphG2.

Let L be the directedgraphover the setof probesobtainedby including arcsfrom eachprobeto the 4 closest
probeswith respecto Hammingdistance andthendeletingthe heaviest4N arcs. Sincethe total weight of L cannot

exceedthecon ict costof ary valid placemenbf H onthegrid graphG2, we obtainthefollowing:
Theorem1 Thetotal arc weightof L is a lower boundon the costof the optimumSADPsolution.

Forasynchronouarraydesign formalizingBMP is moreinvolved. Conceptuallyasynchronoudesignconsistof
two stepsi(i) embeddingeachprobep into thenucleotidedepositiorsequencé, and(ii) placingtheembeddegrobes
intotheN N arrayof sites. Let H?bethe completegraphwith verticescorrespondingo the embeddegrobesand
with edgeweightsequalto theHammingdistancebetweerthem? Theborderminimizationproblemfor asynchronous

arraydesigncanthenbe formulatedasfollows:

AsynchronousArray DesignProblem (AADP). Find embeddingénto the nucleotidedepositionsequencé for all
givenprobesanda placemenbf the correspondingraphH on the two-dimensionatyrid graphG2 suchthatthe cost

of the placements minimized.

In orderto obtainnon-trivial lower-boundson the costof theoptimumAADP solution,it is necessaryo establista
lower-boundonthecon ict distancebetweertwo probesndependentf theirembeddingnto S. We getsuchalower-
boundby observinghatthe numberof nucleotide{masksteps)commonto two embeddegrobescannotexceedthe
lengthof thelongestcommorsubsequencg CS) of thetwo probes.De ne the LCSdistancebetweerprobesp andp®
by lesdp; p9 = k  jLCY(p; p9j, wherek = jpj = jpY, andlet L°bethedirectedgraphoverthe setof probesobtained
by includingarcsfrom eachprobeto the 4 closestprobeswith respecto LCS distanceandthendeletingthe heaviest

4N arcs.Similarto Theoreml we get:

Theorem2 Thetotal arc weightof L%is a lower boundon the costof the optimumAADP solution.

3Recallthatembeddegrobesareviewed assequencesf lengthK = j§ overthealphabef A;C; G; T; bg suchthatthe jt" letteris eitherb or Sj.

Thus,con icts betweertwo adjacenembeddegrobesoccuronly on positionswherea nucleotidein oneprobecorrespondso ablankin theother



Example. We remarkthatthe weight of L° may be smallerthanthe optimumcost, sincethe embeddingsieededo
achieve LCS distancebetweenpairs of adjacentiprobesmay not be compatiblewith eachother Figure3 givesone
suchexampleconsistingof four dinucleotideprobes AC, GA, CT, andTG, which mustbeplacedona2 2 grid. In

this casethelower boundonthe numberof con icts is 8 while the optimumnumberof con icts is 10.

3 ScalableAlgorithms for SADP

In this sectionwe describehe engineeringf nearlineartime, yet high-qualitysynchronouprobeplacemenheuris-
tics. A recurringmotif in our discussioris thevalueof technologytransferhetweerthe40-yearVLSI designliterature
andthenewer eld of DNA chip design.We point out analogieshatinspireusefulheuristics aswell asdistinctions
thathampemdirecttransfersTwo key designgoalsare(i) to enablescalingto 100million or moreplaceablebjectsin
the nearfuture (say within the currentor next generatiorof workstations)and(ii) to enableeasyparallelism(imply-
ing nearlinear speedumn workstationclusters)wherever possible.We rst describean epitaxialgrowth algorithm
inspiredfrom the VLSI designliteratureandthendescribea scalableversionof it whichwe call row-epitaxial. Finally,
we give a highly scalableheuristichasedn optimally re-placinganindependensetof probesagainusingplacement

improvementdeasfrom VLSI design.

3.1 Epitaxial Growth SADP Algorithms

In this sectionwe describehe so-calledepitaxialplacemenapproactio SADP anddiscusssomeef cient implemen-
tation details. Epitaxial, or seededrystalgrowth, placements a techniquethat hasbeenwell-exploredin the VLSI
circuit placementiterature[21, 25]. Thetechniqueessentiallygrows a two-dimensionaplacementrounda single
startingseed.

Thealgorithmin [11] , which nds a TSPtourandthenthreadst into thearray optimizesdirectly only half of the
pairsof adjacenprobedn thearray(thosecorrespondingo touredges) Intuitively, theepitaxialalgorithm(seeFigure
4) attemptso malke full useof the availableinformationduring placement.The algorithmplacesa randomprobeat
the centerof the array andtheniteratively placesprobesin sitesadjacento already-placegrobesso asto greedily
minimize the averagenumberof con icts inducedbetweenall newly createdpairsof neighbors.We have foundthat
siteswith more lled neighborsshouldhave higherpriority to be lled. In particular we give highestpriority to sites
with 4 known neighbors.n the remainingcaseswve apply scalingcoefcients to prioritize candidaterobe-sitepairs.
In our implementationjf a probeis to be placedat a site with i < 4 placedneighborsthenthe averagenumberof
con icts causedy this placements multiplied by a coefcient 0< k; 1. Basedon our experimentswe setk; = 1,
ko, = 0:8, andkz = 0:6. In ourimplementatiorwe avoid repeatedlistancecomputationdy keepingwith eachborder
sitealist of probessortedby normalizedcost. For eachsitethislist is computedat mostfour (andon the averagetwo)
times,i.e.,whenoneof the neighboringsitesis being lled while thesiteis still empty

While the epitaxialalgorithmachiesesbetterresultscomparedo othertwo-dimensionaplacementsit becomes
impracticalfor DNA chipswith dimensionf 300 3000r more.We notethat:

5



Observationl: Any placemenimethodcan be trivially scaledby partitioningthe setof probesandthe probearray
into K subsetg“chunks”) each thensolvingK independenplacemenproblems While runtimeremaindinearin the
numberof probeswo typesof lossesareincurred: (i) from lack of freedomof a probeto move anywhereotherthan

its subset assignedhunkof arraysites,and(ii) lack of optimizationon bordersbetweernchunks.

Basedon Obsenation 1, we have implementedtrivial scalingfor the epitaxial algorithm using chunk sizesup
to 50x50. However, the resultsare dominatedby thoseobtainedusingthe following scalablevariantof the epitaxial
algorithm,whichwe call therow-epitaxialalgorithm. Therearethreemaindistinguishingfeaturesof the row-epitaxial

variant:

(1) It re-shufes anexisting pre-optimizedolacementatherthanstartingwith anemptyplacement;

(2) Thesitesare lled with crystallizedprobesn aprede nedorder namely row by row andwithin arow from left

to right;

(3) Theprobe lling eachsiteis choserasthe bestcandidatenotamongall remainingones,but amonga bounded
numberof them(amongthenotyet “crystallized” probeswithin the next ko rowsin ourimplementationwhere

ko is a parametenf thealgorithm).

Feature(l) is critical for compensatinghe lossin solutionquality dueto the reducedsearchspaceimposedby
(2) and(3). Sincetheinitial placemenmustbe very fastto compute we cannotafford usingarny two-dimensional
placemenbasedn computingall pairwisedistancedetweerprobegsuchasTSP-baseglacementn [11]). Possible
initial placementlgorithmscanbe basedon space- lling curve (e.g.,Gray code)ordering[5]; indeedsuchorderings
have hadsuccessn the VLSI contet [4]. We foundthatexcellentinitial placementsreobtainedby simply ordering
theprobedexicographically(this canbedonein lineartime by radix sort)andthenthreadinghemasin [11]. Features
(2) and (3) speed-uphe algorithm signi cantly, with the numberky of look-aheadrows allowing a ne tradeof

betweersolutionquality andruntime.

3.2 Highly ScalableAlgorithms for SynchronousPlacementimpr ovement

In theearlyVLSI placementiterature jiterative placemenimprovementmethodseliedonweakneighborhoopera-
torssuchaspair-swap,leveragedy meta-heuristicsuchassimulatedannealing More recently strongneighborhood
operatorave beenproposedvhich improve larger portionsof the placementFor example,the DOMINO approach
[9] iteratively determinesnoptimalreassignmertf all objectswithin agivenwindow of theplacementTheend-case
placerof [6] usesbranchandboundto optimally reordersmall sub-raws of a row-basedplacement.Extendingsuch
improvementoperatorgo full-chip scale,suchthatplaceableobjectscaneventuallymigrateto goodlocationswithin
practicalruntimes,is typically achievzedby shifting a x ed-sizesliding window [9] aroundthe placementgf. cycling
andoverlapping[13], row-ironing [6], etc.

For DNA arrays,aninitial placemen{andembeddingpf probesin arraysitesmaybe improvedby changingthe

placementind/ortheembeddingf individual probes.Guidedby the VLSI experienceandtheintuition thatrandomly
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chosemairsof optimally-embeddeg@robesareextremelyunlikely to be swappablewith reductionin bordercost,we

focuson strongoperatorsWe make the following obsenation:

Observatiorn2: Simultaneougrobere-placemenof an entire windowis not practical evenfor very smallwindows,

but simultaneougrobere-placementf anindependensetwithin a windowis practical.

Obsenation 2 rulesout directanalogsof the DOMINO [9] andend-caselacer[6] VLSI placemengapproaches.
Instead,we proposethe following novel methodof improving the placementolutionwithin a small region of the
array While improvementsarestill possiblewe choosea setof mutuallynon-adjacenfindependentarraycells,then
re-placetheprobesn thesecellsaccordingo a minimum-costassignmentyherethe costof assigningprobep to cell
c is given by the sumof Hammingdistancego the four neighbors.For a setof t independentells, computingthe
minimum costassignmentequiresO(t®) time. Full-chip applicationwith practicalruntimeis achievedby iteratively
choosingthe independensetfrom a sliding window thatis moved aroundthe array;this approachis a reminiscence
of earlywork on electroniccircuit placemenby [2, 26].

We have carefully studieda numberof methodsfor choosingthe independensetwithin a window: (i) random
maximalindependenset,(ii) chessboarbasedndependenset(white square®r blacksquares)(iii) bestresultfrom
amongK differentmaximalindependensets,etc. We have found that usinga singlerandommaximalindependent
set(K = 1) yieldsthebesttradeof betweersolutionquality andruntime. Therefore we have implementedhe above
sliding window methodasfollows. (1) We rst radix-sortall probeslexicographicallyandthenperform1-threading
asin [11]. (2) Then,for eachslidingWs Wy window we chooseone randommaximalindependenset of sites
anddeterminethe costof (asynchronousjeassignmenof eachassociategrobeto eachsite, thenreassignprobes
accordingto the minimumweight perfectmatchingin the resultingweightedbipartitegraph. (3) The window slides
in rows, beginningin the top-left cornerof the array;at eachstep,it slideshorizontallyto theright asfar aspossible
while maintaininga prescribecamountof windowoverlap. After theright sideof the arrayis reachedthe window
returnsto the left end of the next row while maintainingthe prescribedoverlapwith the precedingrow. Whenthe
bottomsideof the arrayis reachedthewindow returnsto thetop-left corner (4) The window-sliding continuesuntil
anentirepassthroughthearrayresultsin lessthan0.1%reductionof bordercost?

Our experimentg17] have shavn that an overlap equalto half the window size gives bestresults;we usethis
settingfor all resultsreportedin this paper Figure5 illustratesthe heuristictuningwith respecto varying window
sizes.We obsene thatlargerwindow sizesloseout to smallerwindow sizeswhenCPUtime is very limited. Unless
otherwisenoted, experimentalresultsbelon are obtainedwith window size= 6 (i.e., 6 6) andwindow overlap=
3 (for thesevalues,the typical size of the randommaximalindependensetis around13). Otherexperimentshave
shavn thatmoreeffort in eachwindow (andfewer cycles)losesout to lesseffort in eachwindow (andmorecycles),
i.e., beinggreedierwithin a singlewindow thwartsoverall solutionquality. Speci cally, usingmultiple iterationsof
independent-sehatchingwithin agivenwindow, or choosinghebestof severalattemptedndependent-sehatchings,

worsenur results.Last,we emphasiz¢hatthe Sliding-Window Matchingalgorithmis easilyparallelizableafterthe

4Fastevariantscanrestrictthenumberof suchpasses$o asmallconstante.g.,5. For arrayswith upto half amillion probesourimplementation

makesaround20 passes.



initial (lineartime) sortingand1-threadingstep;the previousmethodsof [11] do not have this property

3.3 Empirical Evaluation of SynchronousPlacementAlgorithms

Table 1 compareghe cost (numberof con icts) and runtime for the new synchronougplacementalgorithmsand
the TSP heuristicof [11]. Experimentswere performedon arraysof 25-merprobeschosenuniformly at random.
TSP+1-Threadinguntimesarefor anSGI Origin 2000with 16 195MHzMIPS R10000processorgonly oneof which
is actually usedby the sequentiaimplementationsncludedin our comparisonand4 G-Bytesof internalmemory
runningunderIRIX 6.41P27. Row-epitaxialand SWM runtimesarefor a dual-processot.4GHzIntel Xeon sener
with 512MB RAM. For comparisonwe includethe synchronougplacementower-boundgiven by Theoreml; the
columnslabeled“%Gap” shav by how muchthe respectie heuristicexceedsthe lower bound. The row-epitaxial
algorithmachiezesan excellenttradeof betweensolution quality and runtime (over 13% improvementwith a 10

speed-upover the TSP+1-Threadinglgorithm of [11] for 500 500 arrays). The sliding-windov matchinghas
slightly worsesolutionquality, but hasmuchbetterscalingruntimethanthe othermethods Parallelizedexecutioncan

achieve furtherspeedupsnd/orpermitthe useof strongedocalimprovementoperators.

4 In-Place Optimization of Probe Embeddings

In our experiencewe have found that separat@ptimizationof probeplacementandembeddingyields betterresults
for AADP thansimultaneouptimization.For example the asynchronousersionof the epitaxialalgorithm[16] and

theasynchronousersionof sliding-windav matching[17] arebothdominatedoy algorithmsthatwork in two steps:

Step(i). Find atwo-dimensionaplacemenbasedon synchronougmbeddingor the probes(using, e.g.,the row-
epitaxialandsliding-windov matchingalgorithmsdiscussedn the previous section,or the TSP+1-Threading
of [11]).

Step(ii). Iteratively optimizeprobeembeddingswithoutchangingtheir locationonthearray.

In this sectionwe considerthe secondstepof theabose o w. We begin with algorithmsfor optimally embedding
asingleprobewith respecto its neighborsThen,we establistalower-boundonthe optimumbordercostfor in-place
probeembeddingthis lower-boundimprovesover Theorem2 by takinginto accountthe constrainton the placement
of the probes.Finally, we proposeandcomparehreemethoddor in-placeoptimizationof probeembeddingswhich

we call the BatchedGreedy the Chessboat algorithms,andthe Sequentiahlgorithm.

4.1 Optimum Embedding of a Single Probe

Thebasicoperationusedby in-placeembeddingptimizationalgorithms(Sectiond.3)isto nd theoptimumembed-

ding of aprobewhentheadjacensitescontainalreadyembeddegrobes.n otherwords,our goalis to simultaneously



alignthegivenprobesto its embeddeaheighboringorobeswhile makingsurethis alignmentgivesafeasibleembed-
ding of sin thenucleotidedepositiorsequencé. In this sectionwe give anef cient dynamicprogrammingalgorithm
for computingthis optimumalignment.

The Single ProbeAlignment algorithm (seeFigure 6) essentiallycomputesa shortestpathin a speci ¢ directed
aoyclic graphG = (V;E). Let p betheprobeto bealigned,andlet X bethesetof alreadyembeddegrobesadjacento
p. Eachembeddegrobeq 2 X is asequencef lengthK = j§ overthealphabef A;C; G; T; bg, with the jt" letterof g

beingeitherablankor s;, the jt" letterof the nucleotidedepositiorsequenc®. ThegraphG (seeFigure7) hasvertex

andedgesetE = Enriz[ Ediag Where
EBrhoriz=f(i;j 1! (;j)j0 i kO<j Kg
and
Boiag= f(i L D! (i5))jo<i kO<j Kip= s

The costof a horizontaledge(i;j 1) ! (i;]j) is de ned asthe numberof embeddedgrobesin X which have a
non-blankletter on i position, while the costof a diagonaledge(i 1;j 1)! (i;j) is equalto the numberof
embeddegbrobesof X with ablankonthe jt" position. The Single ProbeAlignmentalgorithmcomputeghe shortest
pathfrom thesourcenode(0; 0) to the sink node(k; K) usingatopologicaltraversalof G (thegraphG is not explicitly

constructed).

Theorem 3 Thealgorithmin Figure 6 returns,in O(kK) time theminimumnumberof con icts betweeranembedding

of sandtheadjacentembeddegrobesX (alongwith a minimum-con ictembeddingf s).

Proof. Eachdirectedpathfrom (0; 0) to (k; K) in G consistof K edgesk of whichmustbediagonal. Eachsuchpath
P correspondso anembeddingf p into Sasfollows. If the j" arcof P is horizontal the embeddinchasa blankin

j!" position. Otherwise the j!" arcmustbeof theform (i 1;j 1)! (i;j) forsomel i k, andtheembedding
of p correspondingo P hasp; = s;j in the jt" position. It is easyto verify thatthe edgecostsde ned above ensure

thatthetotal costof P givesthe numberof con icts betweerthe embeddingf p correspondingo P andthe setX of

embeddedheighbors. t

Remark. The above dynamic programmingalgorithm can be easily extendedto nd the optimal simultaneous
embeddingpf n> 1 probes. The correspondinglirectedagyclic graphG consistof k"K nodes(iz;:::;in; j), where
0 it k1 j K. Al arcsinto(is;:::;in; j) comefromnodes(i%;:::;i%j 1), whereil2 fij;ij 1g. Therefore

theindegreeof eachnodeis at most2". Theweightof eachedgeis de ned asabove suchthateach nite weightpath
de nesembeddingdor all probesandthe weightequalsthe numberof con icts. Finally, computingthe shortespath

between(0;:::;0) and(k;:::;k;K) canbedonein O(2"k"K) time.



4.2 Lower Boundsfor In-Place Embedding Optimization

To getanestimateonthehow muchimprovementis possible)et LG2 beagrid graphG2 with weightson edgesqual

to the LCS distancebetweerendpointprobes.Thefollowing lower boundis obvious.

Theorem4 Thetotal edge weightofthegraphLG2 is a lower boundonthe optimumAADP solutioncostwith a given

placement.

Note. A more accuratelower bound can be obtainedby replacingLCS distancewith embedded CS distance,
elesd p; p9, whichis the minimumnumberof con icts over all possiblepairsof embedding®f the probesp and p°
The embedded.CS distancecanbe computedusinganO(jpj jpJ jS§) dynamicprogrammingalgorithm. Unfortu-

nately neitherof theselower boundsis tight, ascanbe seenfrom theexamplein Figure3.

4.3 Algorithms for Iterati ve In-Place Embedding Optimization

Batched Greedy Optimization.  We have implementeda natural greedyalgorithm (GA) for optimizing probe
embeddingsTheGA nds aprobethatofferslargestcostgainfrom optimumre-embeddingvith respecto the( x ed)
embedding®f its neighborsthe algorithmthenimplementshis re-embeddingupdategains,andrepeats A faster
batched versionof GA (seeFigure 8) partially sacri cesits greedynaturein favor of runtime, via the mechanism
of less-frequengain updates. In otherwords, during a single batched phasewe re-embedprobesin greedyorder
accordingo the costgainsfrom re-embeddinghut we do not updateary gainwhile therearestill independenprobes
with positive gain.

ChesshoardOptimization. Themainideabehindour so-called‘Chessboardalgorithmis to maximizethe number
of independente-embeddingsyheretwo probesareindependentf changingthe embeddingpf onedoesnot affect
the optimumembeddingof the other It is easyto seethatif we bicolor our grid aswe would a chessboardthen
all white (resp. black) siteswill be independentaind canthereforebe simultaneouslyand optimally, re-embedded.
The Chesshoardlgorithm (seeFigure9) alternatese-embeddingsf black andwhite sitesuntil no improvementis
obtained.

A 2 1 versionof the Chessboar@lgorithm partitionsthe arrayinto iso-oriented? 1 tiles andbicolorsthem.
Thenusingthe multi-probealignmentalgorithm(seethe remarkin Section4.1) with n= 2 it alternatvely optimizes
theblackandwhite2 1tiles.

Sequential Optimization.  In this method,we perform optimal re-embeddingf probesin a sequentiarow-by-
row fashion. A shortcomingof the BatchedGreedyand Chessboaralgorithmsis that, by always re-embedding
independensetsof probesijt takeslongerto propagatéhe effectsof a new embeddingPerformingthere-embedding

sequentiallypermitsfasterpropagatiorandcorvergenceto a betterlocal optimum.

4.4 Empirical Evaluation of In-Place Embedding Optimization Algorithms

We have implementedhe four in-placeembeddingptimizationalgorithmsdiscussedn the previoussection,namely

the BatchedGreedy Chessboard? 1 Chessboardand Sequentiahlgorithms. To improve the runtimewe stopall
10



algorithmsas soonasthe improvementfor aniterationdropsbelow 0:1% of the total numberof con icts.® Table2
givesthe resultsobtainedby the four algorithmswhenappliedto the two-dimensionaplacementonstructedy the
TSP+1-Threadinglgorithm[11].6 For comparisonwe includethe lower-boundgiven by Theorem4; the columns
labeled*%Gap” shav by haw muchtherespectie heuristicexceedshe lower bound.

Theresultsshav thattheChessboardlgorithmis betterthanBatchedGreedywith comparableunningtime.2 1
Chessboarimprovessolutionquality by a further.8-1.2%,comingwithin 19-20%of the lower-boundfor arraysof
sizebetweenl00 100and500 500.We foundthe Sequentiablgorithmto give the besttradeof betweersolution
quality and runtime: its runtime is comparableto that of BatchedGreedyand Chesshoardyet its solution quality

comescloseandsometimesxceedshatof 2 1 Chessboard.

5 Practical Extensions

The following extensionsto the borderlength minimization problemare importantin practice,but have not been

addressedy previousworksontheproblem[11].

1. Distance-dependenborder con ict weights. Back-re ectionof light doesnotaffectonly adjacentrraycells,
i.e.,cellssharinganedge.To alesserdegree,it alsoaffectscellsthatshareacorner andevencellsthatareasfar
as3 cellsapart[14]. Thisimpliesthatanaccuratdormulationof the problemshouldweightcon icts according

to thedistancebetweercells.

2. Position-dependentborder con ict weights. The weight of bordercon icts dependson the positionin the
probesincecontaminatiorerrorsaremoreharmfulin themiddle of theprobe[14]. Suggesteaveightsaregiven

by the squareroot of the distanceo the closerendpoint(so,con ict weightvariesfrom 1 to P 12in a25-mer).

3. Polymorphic probes.Someof the synthesizeddNA probesoccurbothunmodi ed andmutatedin the middle
position(e.g.,for detectionof singlenucleotidepolymorphisms- SNPs-in thetargetDNA or for reliability of
the hybridizationtest). To minimize borderlengththe SNPsare placedtogether sothe generaBMP requires

placingandaligninga mixture of singleprobes2- and4-ominoes.

Extendingmostof our methodgo handletheseextensionss straightforward; herewe focushereon the extension
of the optimalalignmentalgorithmgivenin Section4.1. De ne aprobeto beasetof 1, 2, or 4 k-mers(SNPs)which
differ only in themiddleposition.We will assumehatthe SNPsin aprobearealwaysplacedn adjacentellsforming
1 1,2 1,or2 2rectanglesrespectiely. Furthermorewe assumehatthe SNPsin a probearealwaysalignedto
eachotherexceptfor the singlepositionwherethe mutationoccurs.Althoughthe optimumsolutionmay not always

satisfytheseconstraintsimposingthemshouldonly leadto a very smalllossin solutionquality.

5In our experimentsmposingthe thresholdof 0:1% leadsto a total lossin solutionquality of at most1%. On the otherhand,the numberof

iterationsandhencethe runtimedecreaseby morethanoneorderof magnitude.
SExperimentsvereperformedon arraysof 25-merprobeschoseruniformly atrandom.Runtimesarefor a dual-processot.4GHzIntel Xeon

senerwith 512MB RAM.

11



We will rst describethealgorithmfor embeddinga probeconsistingof a singlek-mer, andthengeneralizet to

the caseof two or four SNPsperprobe.We usethefollowing notations:
S= s1:::= nucleotidedepositionsequence
k= lengthof probeg(typically k = 25)
jidij j= numberof non-blanklettersamongthe rst j positionsof embeddegrobeq
h(c; c9= horizontaldistancebetweercellsc andc®
v(c; )= verticaldistancebetweercells c andc®

w:N: N:! [0;1], nite supportfunction’ givingthecon ict weightbetweeramasledcell andanunmasied

cell asafunctionof thehorizontalandvertical distancedbetweerthem

nucleotideg.g.,w(i) = P minfi;k ig.

Theembeddingalgorithmfor aprobep = f p;::: pkg with no mutations(Figure10) is essentiallyidenticalto the
thealgorithmin Figure6 exceptfor the differentcostsassignedo the edgesof the underlyingdirectedacgyclic graph
G. Let ¢y thearraycell assignedo p, and,for every arraycell c 8 cp, let gc bethe embeddegrobeplacedin c. In
otherwords,every . is a sequencef lengthK = j§ over thealphabef A;C; G; T;bg, with the j" letter of g being
eitherb (blank)or sj. We de ne thecostof ahorizontaledge(i;j 1)! (i;j) tobe

xp=wi) &  w(h(cpic)(cpic) (1)
¢6 Cp; (dc) ;6 b
andthecostof adiagonaledge(i 1;j 1! (i;j) tobe
vi= A&  wiiadipwh(ccp);v(cicp) (2)
8 Cp; (q)j=b
It is easyto verify thatthetotal costof a pathP from (0; 0) to (k;K) equalsheweightednumberof con icts between

thecorrespondingmbeddingf p andthe surroundingembeddegbrobes.

Theorem5 Thealgorithmin Figure 10returnstheminimumcon ict weightalongwith a minimumcon ict embedding

of pin O(kK + KW) time whereW is thesizeof the nite supportofw.

Proof. Thecorrectnessollows by observingthatthe algorithmimplicitly computesa shortespathfrom the source
node(0; 0) to thesink node(k; K) usingatopologicaltraversalof G;. Sincesteps2—4take O(kK) time,theruntimeis

dominatedoy computingthe O(kK) edgecostsin Stepl. Sinceeachx;; is the productof two values,onedepending
only oni andthe otheronly on j, calculatingall valuesx;; canbe donein O(kK + KW) time. Similarly, yi;'s are

independendf i andcanbecomputedn O(kK + KW) time overall. t

"Thesupportof afunction f is thesubsebf its domainwheref hasnon-zerovalues.
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We now consider a probe p consisting of two SNPs, namely pi:::Pm 1PmPm+1:::Pk and pi:::
Pm 1p%Pm+1:::pk- Let cp and c% be two adjacentarray cells in which the two SNPsmust be placed. Besides
embeddinghe two SNPsinto the nucleotidedepositionsequencegmbeddingp alsorequiresdecidingwhich SNP
goesinto cp andwhich onegoesinto c%. Findingthe optimumembeddingf p canbe castasa shortespathproblem

in anew directedagyclic graphG; (seeFigurell)obtainedrom G; by
1. Deletingvertices(m; j), j = 0;:::;K andtheedgesdncidentto them;

2. Changingthe costof eachremaininghorizontaledge(i;j 1)! (i;j) to
w(i) @ w(h(cp; ©);(Cp:)) + W(h(ch;0); v(c; ) ©)

wherethe sumis takenoverall c%fcp;c%g suchthat(qc); 6 b

3. Changinghe costof eachremainingdiagonaledge(i 1;j 1)! (i;j) to

w(jjaci) & w(h(c;cp);vic;cp)) + wih(c; cp);v(c;cp) (4)

wherethe sumis takenoverall c%fcp;c%g suchthat(qgc)j = b.

5. Inserting for every j = 1;:::;K, horizontaledgeqa;b;j 1)! (a;b;]j) with cost

w(m 1+ jaj) § w(h(cp;€); V(Cp; )

+w(m 1+ jbj) § w(h(ch; 0);v(cp; ) (®)

wherethe sumsaretakenoverall c%fcp;c%g suchthat(gc)j & b
6. Insertingdiagonaledges
(m Lj 1)! (pme]j),respectiely(m 1;j 1)! (p2:e j), for every j suchthatpm = sj, respec-
tively p, = sj, eachwith cost
w(m  )w(h(cD; Cp); V(CH; Cp))
+ w(jjaeii ) & w(h(c;cp); v(c; cp)) (6)
wherethe sumis takenoverall ¢ 2 f cp; c%g suchthat(oc); = b;
(m Lj 1)! (epm]j),respectiely(m 1;j 1)! (epQ i), foreveryj suchthatpm= sj, respec-
tively pd, = sj, eachwith cost
w(m  )w(h(cp; c9); v(Cp; Cp))
+ w(jjaeii ) & wh(c;c); v(c; c3)) (7

wherethesumis takenoverall c 2 f cp; c%g suchthat(oc); = b;
13



(&P 1! (pmphy ) respectiely (e pm;j 1) ! (P pm J).for every j suchthatpm = s, respec-
tively pd, = sj, eachwith cost
w(m)w(h(c; cp); v(C); Cp))
+ w(jiadi ) & w(h(cicp); v(cicp)) (8)
wherethe sumis takenoverall ¢ 2 f cp; c%g suchthat(cc)j = b;
(P j )1 (P2 pm), respectiely (pmie;j 1)! (pm; p%§), for every j suchthat pm = sj, respec-
tively py, = sj, eachwith cost
w(m)w(h(cp: cp); V(Cp; Cp)
+ w(jjaeii ) & wh(c;c); v(c;cp)) C)
wherethesumis takenoverall c 2 f cp; c%g suchthat(oc); = b;
(Pmip%i ! (m+ Lj)and(pd;pm:ij 1)! (m+ 1;]), bothwith costgivenby (4), for every j such

thatpm 1 = s;.

Thede nition of G, ensureshateachdirectedpathfrom (0;0) to (k; K) correspond$o anembeddingf the two

SNPsof probep. Sincethe costsof the O(kK) edgesof G, canstill becomputedn O(kK + KW) time, it followsthat

theminimumecon ict embeddingf atwo SNPprobecanbecomputedn O(kK + KW) by analgorithmsimilarto the

onein Figure6.

The optimalembeddingof a probewith four SNPscanbe found by a shortesipathcomputationin a graphthat

similarly representall possibleassignmentesf thefour SNPsto thefour arraycells,aswell asthepossibleembeddings

of the SNPsinto the hucleotidedepositionsequenceThegraphstill containsO(kK) edgesandedgecostscanstill be

computedn O(kK + KW) time. Thereforewe get:

Theorem6 Theminimumcon ict embeddingf a two or four SNPprobecanbecomputedn O(kK + KW) time

6 Empirical Evaluation of Overall AADP Flows

We conductedxperimentson both randomandindustrydataset$o compareour AADP o ws. Table3 givesresults

for our o ws performingoptimizationof probeplacemenfollowed by in-placeoptimizationof probeembeddings.

As in previous sections theseexperimentswere run on arraysof 25-merprobeschosenuniformly at random. In

theseexperimentsarray sizewasvariedbetweenl00 100and1000 1000. Theresultsindicatethat our methods

arehighly scalableandyield high quality solutionsfor AADP. Thebestsolutionquality is achievedby Row-Epitaxial

followed by Sequentialalignment: this o w improvesby up to 35% over the synchronougplacementsomputed

usingthe TSP+1Threadingnethodof [11] and up to 10% over the methodof [11] followed by Sequentiaklign-

ment. The Sliding-Window Matchinghasthe bestscalingruntime,completinga million probeplacemenin tensof

minutesof CPU time on a 1.4GHzlIntel Xeon sener with 512MB RAM, while still beatingin solution quality the

TSP+1Threadinglgorithmfollowedby Sequentiablignment.
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For comparisonwe includedin Table 3 the lower-boundgivenby Theorem4. While the gapto the lower-bound
tendsto increaseawith chip sizefor all comparedalgorithms we do noticesomevery positive trendsfor thebordercost
normalizedby the numberof pairsof adjacentarraysites,i.e., the aveiage numberof con icts per pair of adjacent
sites. For probesof length 25 asthoseusedin our experimentsthe maximumnormalizedcostis 50 (whenthereis
a completemismatchbetweenadjacentprobes).For ary arraysize,randomplacemenbf synchronoushembedded
randomprobedeadsto anexpectednormalizedcostof 37.5,sinceoneexpectsmatchedbetweertwo adjacenprobes
for onequarterof the nucleotidesIn contrastfor all the consideredAADP algorithmsthe normalizedcostdecreases
with increasingchip size,which canbe attributedto greaterfreedomof choicethatthe algorithmscanexploit for the
larger chip sizes. The row-epitaxialbased o w resultsin a normalizedcostof 17.9for arraysof size 1000 1000,
which representanimprovementof 52% over the expectednormalizedcostof arandomplacement.

We have alsovalidatedour methodson the setof probesfor an Affymetrix HumaneGenomechip. This712 712
DNA chipis lled by pairsof SNP's (eachconsistingof the original probeanda copy with the middle nucleotide
changed)and small amountof control probes(< 1%) eachhaving a pre-determinecplacement. The (truncated)
periodicnucleotidedepositionsequenceisedby Affymetrix (andin our experiments)aslength 74: this sequence
is sufciently longto accommodatall probesandcheapethanthe universal100-longnucleotidesequencéy 26%.
The o w thatgave the bestresultsconsistsof the following steps:(1) Probeembeddingisinga SNP-avareversion
of “earliestpossible”embeddingy2) Lexicographicalsorting of the embeddedrobesfollowed by 1-threading;(3)
Synchronousliding window matching— we used48 48 windows with overlap24 — wheresynchronousererefers
to computingHammingdistancebetweerembeddegbrobesratherthanun-embeddeg@robes)(4) Row-epitaxialwith
ko = 80 rows of lookaheadand(5) A SNP-avareversionof the Sequentiablignmentalgorithm.The nal numberof

con icts wasreducedby 4.2%with respecto the Affymetrix optimizedplacement

7 Conclusions

In this paperwe have studiedDNA arraydesignproblemswhich seekto minimizethe unintendedllumination during
manufcturing. We have suggestediighly scalablealgorithmsfor synchronougrobe placementand for in-place
probeembeddingptimization.Combiningthesealgorithmsyieldsbetterandfastersolutionsto the DNA arraydesign
problemcomparedo previousmethodspur approachalsocomparegavorablyto industryplacements.

We arecurrentlyoptimizing our implementatiorfor multiprocessingandmorepracticalcostcriteria. Here,other
meta-heuristidrameawvorks (e.g.,large-stepMarkov chains)areof interestaswell aspotentialimprovementshatour
discussiorhasalreadynoted.We alsoseekto integrateprobeselectionrandarrayreliability aspecténto our placement
andembeddingoroblemformulation. Developingtighter lower boundsand othermeansof assessingub-optimality

of arraydesignalgorithmsis anothelimportantdirectionfor furtherwork.

8We understand14] that Affymetrix usesplacementechniqueghat are similar to row-epitaxial placemenicombinedwith earliestpossible
alignment.This probablyexplainswhy our improvementis relatively small. Furthermorewe notethatthereductionin numberof masksfrom 100

to 74 alsoreducesomehw the freedomthatcanbe exploited by our dynamicprogrammingalignmentalgorithms.
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Figurel: (a) Two-dimensionaprobeplacement(b) Three-dimensiongbirobeembeddingthe nucleotidedeposition
sequenc&= (ACT) correspondso the sequencef threemasksM1; M2 andMs. In eachmaskthe masledsitesare

shadedandthebordershetweertransparenandmasledsitesarethickened.
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Figure2: (a) Periodicnucleotidedepositiorsequencé. (b) Synchronougmbeddingf probeCT G into S, theshaded
sitesdenotethe masled sitesin the correspondingnasks.(c-d) Two differentasynchronousmbedding®f the same

probe.
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Figure3: (a) LowerbounddigraphL?for the probesAC, GA, CT, andTG. Thearcweightof L%is 8. (b) Optimum
two-dimensionalplacementof the probes. (c) Optimum embeddingof the probesinto the nucleotidedeposition

supersequencg= ACTGA Theoptimumembeddindias10con icts, exceedinghelower boundby 2.
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Output: Assignmenbf the probesto thesitesof anN N grid

1. Mark all grid sitesasempty
2. Assignarandomlychoserprobeto the centersiteandmarkthis site asfull
3. While thereareemptysites,do

If thereexistsanemptysitec with all 4 neighbordull, then
Find probep(c) 2 P with minimumsumof Hammingdistancego the neighboringorobes
Assignprobep(c) to sitec andmarkc asfull

Else

For eachemptysitec with i > 0 adjacenfull sites, nd probep(c) 2 P with minimumsumsS of Hamming
distanceso theprobesn full neighborsandlet norm_cog(c) = k;S=i.
Letc bethesitewith minimumnorm_cog

Assignprobep(c ) to sitec andmarkc asfull

Figure4: The Epitaxial Algorithm
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Figure5: Solutionquality vs. runtimefor Synchronoussliding-Window Matchingwith varyingwindow size;array
size=100 100.
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Input: Nucleotidedepositionsequenc&= s15:::¢, § 2 fA;C; G; Tg; setX of probesalreadyembeddednto S; and
unembeddeg@robep= pip2:::pk, Pi 2 fAC;G;Tg
Output: Theminimumnumberof con icts betweeranembeddingf p andprobesn X, alongwith a minimum-con ict

embedding

cod(0; j) = cog(0;j 1)+ X

If pi = sj thencod(i; j) = minfcod(i;j 1)+ xj;cox(i 1, 1)+jXj Xxjg
Elsecod(i; j) = cog(i;j 1)+ X

4. Returncog(k; K) andthecorrespondingmbeddingf s

Figure6: The SingleProbeAlignmentAlgorithm
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Figure7: Directedagyclic graphG; representingossibleembeddingsf probep = ACT into thenucleotidedeposition
sequenc&= ACTATACT.

24



Input: FeasibleAADP solution,i.e., placementn G2 of probesembeddedn S

Output: A heuristiclow-costfeasibleAADP solution

While thereexist probeswhich canbere-embeddewvith gainin costdo

Computegainof theoptimumre-embeddingf eachprobe.
Unmarkall probes
For eachunmarled probep, in descendingrderof gain,do

Re-embed optimally with respecto its four neighbors

Mark p andall probesin adjacensites

Figure8: The BatchedGreedyAlgorithm
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Input: FeasibleAADP solution,i.e., placementn G2 of probesembeddedn S

Output: A heuristiclow-costfeasibleAADP solution

Repeauntil thereis no gainin cost

Foreachsite(i;j),1 i;j Nwithi+ jeven,re-embedcrobeoptimallywith respecto its four neighbors

Foreachsite(i;j),1 i;j Nwithi+ jodd,re-embedgrobeoptimallywith respecto its four neighbors

Figure9: The Chessboardlgorithm
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Input: Nucleotidedepositionsequenc&= s15:::5¢, § 2 fA;C;G;Tg; probep= p1p2:::px pi 2 TA,C;G;Tg, probe
locationcp, andprobeembeddingsc, c6 cp

Output: Minimum con ict weightalongwith aminimumcon ict embeddingf p

cod(0; j) = cog(0;j 1)+ xij

If pi = sj thencog(i; ) = minfcog(i;j 1)+ xj; cost(i 1;j 1)+yvijg
Elsecod(i; j) = cod(i;j 1)+ X

4. Returncog(k; K) andthe correspondingmbeddingf p

Figure10: Theembeddinglgorithmfor a probewith no mutations
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Figure11: Directedagyclic graphG, representingrossibleembedding®f probep = AfCjTgT into the nucleotide
depositionsequenc&= ACTATACT.
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Chip | LowerBound TSP+1Thr Row-Epitaxial SWM

Size Cost Cost  Gap(%) CPU Cost Gap(%) CPU Cost Gap(%) CPU
100 410019 554849 35.3 113 502314 225 108 605497 47.7 2
200 1512014| 2140903 41.6 1901 | 1913796 26.6 1151 | 2360540 56.1 8
300 3233861| 4667882 443 12028 | 4184018 29.4 3671 | 5192839 60.6 19
500 8459958 | 12702474 50.1 109648 | 11182346 32.2 10630 | 13748334 62.5 50

Tablel: Total bordercost,gapfrom the lower-boundgivenby Theoreml, and CPU secondgaveragesover 10 ran-
dominstancesjor the TSP heuristicof [11] (TSP+1Thr)the row-epitaxial(Row-Epitaxial),andthe sliding-windov
matching(SWM) heuristic. We usean upperboundof 200000n the numberof candidategprobesin Row-Epitaxial

(i.e.,weusekg = 20000=chipsizelook-aheadows),and6 6 windowswith overlap3 for SWM.
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Chip | LowerBound | BatchedGreedy Chessboard 2x1 Chesshoard Sequential
Size Cost | Gap(%) CPU | Gap(%) CPU | Gap(%) CPU | Gap(%) CPU
100 364953 25.7 40 20.5 54 194 480 19.9 64
200 1425784 26.3 154 20.9 221 19.7 1915 20.3 266
300 3130158 26.7 357 21.5 522 21.6 4349 20.6 577
500 8590793 27.1 943 21.4 1423 20.2 15990 20.9 1535

Table2: Gapfrom the lower-boundgivenby Theorem4 and CPU secondgaveragesover 10 randominstancesfor

thefour in-placeembeddingptimizationalgorithms.
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Chip | LowerBound | TSP+1Threadinl1] TSP+1Threading+Seq. Row-Epit.+Seq. SWM+Seq.
Size Cost Norm. Cost Norm. Cost Norm. CPU Cost Norm. CPU Cost Norm. CPU

100| 220497 11.1| 554849 28.0| 439829 222 113| 413158 20.9 118| 433274 21.9 1
200 798708 10.0| 2140903 26.9| 1723352 21.6 1901 | 1593146 20.0 493| 1693658 21.2 46

300 — — | 4667882 26.0| 3801765 21.2 12028| 3503526 19.5 1562| 3746722 20.9 112
500 — — | 12702474 25.5| 10426237 20.9 109648| 9418042 18.9 8400| 10049442 20.1 302
1000 — — — — — — — | 35918568 17.9 41740| 38898792 19.5 1307

Table3: Total bordercost,bordercostnormalizedby the numberof pairsof adjacentrraycells,andCPUtime of the

compareddADP heuristics(averagesover 10 randominstances) We used6 6 windows with overlap3 for SWM,

andkg = 20look-aheadows for Row-Epitaxial.
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