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Abstract

Designof DNA arraysfor very large-scaleimmobilizedpolymersynthesis(VLSIPS)[10] seeksto minimizeef-

fectsof unintendedilluminationduringmaskexposuresteps.Hannenhallietal. [11] formulatethisrequirementasthe

BorderMinimization Problemandgive analgorithmfor placementof probesatarraysitesundertheassumptionthat

thearraysynthesisis synchronous,i.e.,nucleotidesaresynthesizedin a periodicsequence(ACGT)k andeveryprobe

grows by exactly onenucleotidewith every groupof four masks.Drawing on theanalogywith VLSI placement,in

thispaperwedescribeandexperimentallyvalidatetheengineeringof severalscalable,high-qualityplacementheuris-

ticsfor bothsynchronousandasynchronousDNA arraydesign.Wegiveempiricalresultsonbothrandomlygenerated

andindustrytestcasescon�rming thescalabilityandimprovedsolutionquality enjoyedby our methods.In general,

our techniquesimprove on state-of-the-artindustrialresultsby over 4%, andsurpassacademicallypublishedresults

by up to 35%.Finally, we give lower boundsthatoffer insightsinto theamountof availablefurtherimprovements.

1 Intr oduction

DNA probearrays, or DNA chips, haveemergedasacoregenomictechnologythatenablescost-effectivegeneexpres-

sionmonitoring,mutationdetection,singlenucleotidepolymorphismanalysis,andothergenomicanalyses(see[20]

for a survey). DNA chipsaremanufacturedthrougha highly scalableprocess,calledVery Large-ScaleImmobilized

PolymerSynthesis(VLSIPS), thatcombinesphotolithographictechnologiesadaptedfrom thesemiconductorindustry

with combinatorialchemistry. CommerciallyavailableDNA chipscontainmorethanhalf a million probesandare

expectedto exceedonehundredmillion probesin thenext generation[20]. Thedesignof DNA arraysraisesanumber

of challengingcombinatorialproblems,suchasprobeselection[19, 22], depositionsequencedesign[18, 27, 23],

probeplacement[11], manufacturingquality control[3, 15, 24], etc. In this paper, we studytheBorder Minimization

Problemthatwasrecentlyintroducedby Hannenhallietal. [11].
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As describedin [10], duringVLSIPS thesitesof a DNA probearrayareselectively exposedto light in orderto

activateoligonucleotidesfor furthersynthesis.The selective exposureis achievedby a sequenceM1;M2; : : : ;MK of

masks, with eachmaskMi inducingdepositionof a particularnucleotidesi 2 f A;C;T;Gg) at its cleararraysites.The

nucleotidedepositionsequenceS= s1s2 : : : sK correspondingto thesequenceof masksis thereforeasupersequenceof

all probesequencesin thearray. Typically, Sis assumedto beperiodic,e.g.,S= (ACGT)k, where(ACGT) is aperiod

andk is the(uniform) lengthof all probesin thearray.

Opticaleffects(diffraction,re�ections,etc.) cancauseunwantedillumination at maskedsitesthatareadjacentto

thesitesintentionallyexposedto light, i.e., at theborder sitesof clearregionsin themask.This resultsin synthesis

of unforeseensequencesin maskedsitesandcompromisesinterpretationof experimentaldata.To reducesuchuncer-

tainty, onecanexploit thefreedomavailablein how theprobesareassignedto arraysites.TheBorder Minimization

Problem(BMP) [11] seeksa placementof probesthatminimizesthesumof borderlengthsin all masks.

Observe that, in general,a givenprobecanbe embeddedwithin thenucleotidedepositionsequenceS in several

differentways.1 We mayview thearraydesignasa three-dimensionalplacementproblem(seeFigure1): two dimen-

sionsrepresentthesitesof thearray, andthethird dimensionrepresentsthedepositionsequenceS. Eachlayer in the

third dimensioncorrespondsto amaskinducingdepositionof aparticularnucleotide(A, C, G, or T), andeachcolumn

within this three-dimensionalplacementrepresentationcorrespondsto aprobeembeddedinto thedepositionsequence

S. Theborderlengthfor a givenmaskis computedasthenumberof con�icts, i.e., pairsof adjacenttransparentand

maskedsitesin themask.Giventwo adjacentembeddedprobesp andp0, thecon�ict distanced(p; p0) is thenumber

of con�icts betweenthecorrespondingcolumns.Thetotal borderlengthof a three-dimensionalplacementis thesum

of con�ict distancesbetweenadjacentprobes.

We distinguishtwo typesof DNA arraysynthesis.In synchronoussynthesis,the i th period(ACGT) of theperi-

odic nucleotidedepositionsequenceS synthesizesa singlenucleotide(the i th) in eachprobe. This correspondsto a

unique(andtrivially computed)embeddingof eachprobep in thesequenceS; seeFigure2(a-b).On theotherhand,

asynchronousarraysynthesispermitsarbitraryembeddings,asshown in Figure2(c-d).

Ourcontributionsareasfollows:

1. Impr oved assignmentof probesto sites for synchronous array synthesis. Previous work on DNA array

synthesishasconsideredonly thesynchronouscontext, whenthecon�ict distancebetweentwo probesis d(p; p0) =

2h(p; p0), with h(p; p0) denotingtheHammingdistancebetweenp andp0(i.e.,thenumberof positionsin which p and

p0differ). As recountedin [11], the�rst arraydesignatAffymetrix usedatravelingsalesmanproblem(TSP)heuristic

to arrangeall probesin atour thatheuristicallyminimizedHammingdistancebetweenneighboringprobesin thetour.

Thetour wasthenthreadedinto thetwo-dimensionalarrayof sites.[11] enhancedthis threadingapproachto achieve

up to 20%borderlengthreductionfor largechips. In Section3, we suggestepitaxial placementheuristicsthatstart

by placinga randomprobein thecenteror cornerof thearrayandthencontinueto insertprobesin sitesadjacentto

already-placedprobes,soasto greedilyminimize thenumberof inducedcon�icts.2 We alsodemonstratethevalue

1An embeddedprobeq is de�ned asa sequenceof lengthK = jSj over thealphabetf A;C;G;T;bg suchthat the j th letter of q is eitherb (for

blank)or sj , the j th letterof thenucleotidedepositionsequenceS.
2A similarheuristichasbeenrecentlyexploredby Abdueva andSkvortsov [1].
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of simpleordering-basedmethodsfor initial placementandproposethe useof a scalablesliding-window technique

having antecedentsin large-scaleintegratedcircuit placement[9, 13, 21, 25], aswell asa local improvementoperator

basedonoptimalreassignmentof anindependentsetof probes.A recurringmotif is theanalogybetweensiliconchip

designandDNA chip design,pointing to thevalueof technologytransferbetweenthe40-yearold VLSI CAD �eld

and the newer realmof probearraydesign. Experimentalresultscon�rm the linear runtimescalingandimproved

solutionquality comparedto previousmethods.

2. Dynamic programming algorithms for optimal embeddingof singleprobesand iterati ve algorithms for full

chip in-placeoptimization of probeembedding. Notethatin theasynchronouscontext, thecon�ict distancebetween

two adjacentprobesdependsontheirembedding.Section4 proposesdynamicprogrammingalgorithmsthatoptimally

embedagivenprobewith respectto �x edembeddingsof theprobe'sneighbors.Thisdynamicprogrammingalgorithm

is usedasthe key subroutinein methodsfor iterative in-placeoptimizationof probeembeddings.We proposeand

comparethreesuchmethods,referredto asBatchedGreedy, Chessboard, andSequentialAlignmentalgorithms.

3. Lower bounds for synchronous and asynchronous array design problems. In Section2 we give a priori

lower boundson the total borderlengthof the optimumsynchronoussolutionbasedon Hammingdistance,andof

theoptimumasynchronoussolutionbasedon thelengthof theLongestCommonSubsequence(LCS). Thesegive an

estimateof thepotentialfor futureimprovementsin probeplacementalgorithms.In Section4 a tighterLCS-distance

basedlower boundis obtainedfor the in-placeprobeembeddingproblem,yielding boundson possibleimprovement

from exploiting this degreeof freedomalone.

4. Engineering of a scalable,high-quality �o w for asynchronousDNA array design. In Section5 we give de-

tails on how to handlepracticalextensionsandconstraints,suchasdistance-andposition-dependentbordercon�ict

weights,andthepresenceof polymorphicprobes(SNPs)in theinstance.Throughoutthepaper, we describeandex-

perimentallyvalidatenumerousalgorithmicandimplementationchoices.Finally, in Section6 we give experimental

resultson both randomlygeneratedandindustrytestcasesshowing thatour approachesarehighly scalableandgive

placementsof higherqualitycomparedto previousmethods.

2 Array DesignProblemFormulations and Lower Bounds

In this sectionwe give graph-theoreticalformulationsfor the synchronousandasynchronousvariantsof the array

designproblem.For bothvariants,we give lowerboundson thecostof optimumsolutions.

Following thedevelopmentin [11], let G1(V1;E1;w1) andG2(V2;E2;w2) betwo edge-weightedgraphswith weight

functionsw1 andw2. (In the following, any edgenot explicitly de�ned is assumedto be presentin the graphwith

weightzero.)A bijective functionf : V2 ! V1 is calledaplacementof G2 onG1. Thecostof theplacementis de�ned

as

cost(f ) = å
x;y2V2

w2(x;y)w1(f (x); f (y)) :

Theoptimalplacementproblemis to �nd a minimumcostplacementof G2 onG1.
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Theborderminimizationproblemfor synchronousarraydesigncanbecastasanoptimalplacementproblem.In

this casewe let G2 be a two-dimensionalgrid graph correspondingto the arrangementof sitesin the DNA array,

i.e., V(G2) hasN � N verticescorrespondingto arraysites,andE(G2) hasedgeweightsof 1 for every vertex pair

correspondingto adjacentsites,andedgeweightsof 0 otherwise.Also, let H be theHamminggraphde�ned by the

setof probes,i.e., the completegraphwith probesasverticesandeachedgeweight equalto twice the Hamming

distancebetweencorrespondingprobes.Theborderminimizationproblemfor synchronousarraydesigncanthenbe

formulatedasfollows:

SynchronousArray DesignProblem (SADP). Find a minimum-costplacementof the HamminggraphH on the

two-dimensionalgrid graphG2.

Let L be the directedgraphover the setof probesobtainedby including arcsfrom eachprobeto the 4 closest

probeswith respectto Hammingdistance,andthendeletingtheheaviest4N arcs.Sincethetotal weightof L cannot

exceedthecon�ict costof any valid placementof H on thegrid graphG2, we obtainthefollowing:

Theorem1 Thetotal arc weightof L is a lowerboundon thecostof theoptimumSADPsolution.

For asynchronousarraydesign,formalizingBMP is moreinvolved.Conceptually, asynchronousdesignconsistsof

two steps:(i) embeddingeachprobep into thenucleotidedepositionsequenceS, and(ii) placingtheembeddedprobes

into theN � N arrayof sites.Let H0bethecompletegraphwith verticescorrespondingto theembeddedprobesand

with edgeweightsequalto theHammingdistancebetweenthem.3 Theborderminimizationproblemfor asynchronous

arraydesigncanthenbeformulatedasfollows:

AsynchronousArray DesignProblem (AADP). Find embeddingsinto thenucleotidedepositionsequenceSfor all

givenprobesanda placementof thecorrespondinggraphH0on thetwo-dimensionalgrid graphG2 suchthatthecost

of theplacementis minimized.

In orderto obtainnon-trivial lower-boundsonthecostof theoptimumAADP solution,it is necessaryto establisha

lower-boundonthecon�ict distancebetweentwo probesindependentof theirembeddinginto S. Wegetsucha lower-

boundby observingthatthenumberof nucleotides(masksteps)commonto two embeddedprobescannotexceedthe

lengthof thelongestcommonsubsequence(LCS)of thetwo probes.De�ne theLCSdistancebetweenprobesp andp0

by lcsd(p; p0) = k� jLCS(p; p0)j, wherek = jpj = jp0j, andlet L0bethedirectedgraphover thesetof probesobtained

by includingarcsfrom eachprobeto the4 closestprobeswith respectto LCS distance,andthendeletingtheheaviest

4N arcs.Similar to Theorem1 we get:

Theorem2 Thetotal arc weightof L0 is a lowerboundon thecostof theoptimumAADPsolution.

3Recallthatembeddedprobesareviewedassequencesof lengthK = jSj over thealphabetf A;C;G;T;bg suchthatthe j th letteris eitherb or sj .

Thus,con�icts betweentwo adjacentembeddedprobesoccuronly onpositionswhereanucleotidein oneprobecorrespondsto ablankin theother.
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Example. We remarkthat theweightof L0 maybe smallerthantheoptimumcost,sincetheembeddingsneededto

achieve LCS distancebetweenpairsof adjacentprobesmay not be compatiblewith eachother. Figure3 givesone

suchexampleconsistingof four dinucleotideprobes,AC, GA, CT, andTG, which mustbeplacedon a 2� 2 grid. In

this case,thelowerboundon thenumberof con�icts is 8 while theoptimumnumberof con�icts is 10.

3 ScalableAlgorithms for SADP

In this section,wedescribetheengineeringof nearlinear-time,yethigh-qualitysynchronousprobeplacementheuris-

tics. A recurringmotif in ourdiscussionis thevalueof technologytransferbetweenthe40-yearVLSI designliterature

andthenewer �eld of DNA chip design.We point out analogiesthat inspireusefulheuristics,aswell asdistinctions

thathamperdirecttransfers.Two key designgoalsare(i) to enablescalingto 100million or moreplaceableobjectsin

thenearfuture(say, within thecurrentor next generationof workstations),and(ii) to enableeasyparallelism(imply-

ing near-linearspeedupon workstationclusters)wherever possible.We �rst describean epitaxialgrowth algorithm

inspiredfrom theVLSI designliteratureandthendescribeascalableversionof it whichwecall row-epitaxial.Finally,

wegiveahighly scalableheuristicbasedonoptimally re-placinganindependentsetof probes;againusingplacement

improvementideasfrom VLSI design.

3.1 Epitaxial Growth SADPAlgorithms

In thissection,wedescribetheso-calledepitaxialplacementapproachto SADPanddiscusssomeef�cient implemen-

tationdetails.Epitaxial,or seededcrystalgrowth, placementis a techniquethathasbeenwell-exploredin theVLSI

circuit placementliterature[21, 25]. The techniqueessentiallygrows a two-dimensionalplacementarounda single

startingseed.

Thealgorithmin [11] , which �nds aTSPtourandthenthreadsit into thearray, optimizesdirectlyonly half of the

pairsof adjacentprobesin thearray(thosecorrespondingto touredges).Intuitively, theepitaxialalgorithm(seeFigure

4) attemptsto make full useof theavailableinformationduringplacement.Thealgorithmplacesa randomprobeat

thecenterof thearray, andtheniteratively placesprobesin sitesadjacentto already-placedprobessoasto greedily

minimizetheaveragenumberof con�icts inducedbetweenall newly createdpairsof neighbors.We have foundthat

siteswith more�lled neighborsshouldhavehigherpriority to be�lled. In particular, we givehighestpriority to sites

with 4 known neighbors.In theremainingcaseswe applyscalingcoef�cients to prioritize candidateprobe-sitepairs.

In our implementation,if a probeis to be placedat a site with i < 4 placedneighbors,thenthe averagenumberof

con�icts causedby this placementis multiplied by a coef�cient 0 < ki � 1. Basedonour experiments,we setk1 = 1,

k2 = 0:8, andk3 = 0:6. In our implementationwe avoid repeateddistancecomputationsby keepingwith eachborder

sitea list of probessortedby normalizedcost.For eachsitethis list is computedatmostfour (andon theaveragetwo)

times,i.e.,whenoneof theneighboringsitesis being�lled while thesiteis still empty.

While theepitaxialalgorithmachievesbetterresultscomparedto othertwo-dimensionalplacements,it becomes

impracticalfor DNA chipswith dimensionsof 300� 300or more.We notethat:
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Observation1: Any placementmethodcan be trivially scaledby partitioningthe setof probesandthe probearray

into K subsets(“chunks”)each,thensolvingK independentplacementproblems.While runtimeremainslinearin the

numberof probes,two typesof lossesareincurred:(i) from lack of freedomof a probeto moveanywhereotherthan

its subset'sassignedchunkof arraysites,and(ii) lackof optimizationonbordersbetweenchunks.

Basedon Observation 1, we have implementedtrivial scalingfor the epitaxialalgorithmusingchunksizesup

to 50x50. However, theresultsaredominatedby thoseobtainedusingthefollowing scalablevariantof theepitaxial

algorithm,whichwecall therow-epitaxialalgorithm.Therearethreemaindistinguishingfeaturesof therow-epitaxial

variant:

(1) It re-shuf�es anexistingpre-optimizedplacementratherthanstartingwith anemptyplacement;

(2) Thesitesare�lled with crystallizedprobesin aprede�nedorder, namely, row by row andwithin arow from left

to right;

(3) Theprobe�lling eachsite is chosenasthebestcandidatenot amongall remainingones,but amonga bounded

numberof them(amongthenot yet “crystallized”probeswithin thenext k0 rows in our implementation,where

k0 is a parameterof thealgorithm).

Feature(1) is critical for compensatingthe lossin solutionquality dueto the reducedsearchspaceimposedby

(2) and(3). Sincethe initial placementmustbe very fastto compute,we cannotafford usingany two-dimensional

placementbasedoncomputingall pairwisedistancesbetweenprobes(suchasTSP-basedplacementin [11]). Possible

initial placementalgorithmscanbebasedon space-�lling curve(e.g.,Graycode)ordering[5]; indeedsuchorderings

havehadsuccessin theVLSI context [4]. We foundthatexcellentinitial placementsareobtainedby simply ordering

theprobeslexicographically(thiscanbedonein lineartimeby radixsort)andthenthreadingthemasin [11]. Features

(2) and (3) speed-upthe algorithm signi�cantly, with the numberk0 of look-aheadrows allowing a �ne tradeoff

betweensolutionqualityandruntime.

3.2 Highly ScalableAlgorithms for SynchronousPlacementImpr ovement

In theearlyVLSI placementliterature,iterativeplacementimprovementmethodsreliedonweakneighborhoodopera-

torssuchaspair-swap,leveragedby meta-heuristicssuchassimulatedannealing.Morerecently, strongneighborhood

operatorshave beenproposedwhich improve largerportionsof theplacement.For example,theDOMINO approach

[9] iteratively determinesanoptimalreassignmentof all objectswithin agivenwindow of theplacement.Theend-case

placerof [6] usesbranchandboundto optimally reordersmallsub-rows of a row-basedplacement.Extendingsuch

improvementoperatorsto full-chip scale,suchthatplaceableobjectscaneventuallymigrateto goodlocationswithin

practicalruntimes,is typically achievedby shifting a �x ed-sizesliding window [9] aroundtheplacement;cf. cycling

andoverlapping[13], row-ironing [6], etc.

For DNA arrays,aninitial placement(andembedding)of probesin arraysitesmaybeimprovedby changingthe

placementand/ortheembeddingof individualprobes.Guidedby theVLSI experienceandtheintuition thatrandomly
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chosenpairsof optimally-embeddedprobesareextremelyunlikely to beswappablewith reductionin bordercost,we

focusonstrongoperators.We make thefollowing observation:

Observation2: Simultaneousprobere-placementof an entire windowis not practical evenfor verysmallwindows,

but simultaneousprobere-placementof an independentsetwithin a windowis practical.

Observation2 rulesout directanalogsof theDOMINO [9] andend-caseplacer[6] VLSI placementapproaches.

Instead,we proposethe following novel methodof improving the placementsolutionwithin a small region of the

array. While improvementsarestill possible,wechooseasetof mutuallynon-adjacent(independent)arraycells,then

re-placetheprobesin thesecellsaccordingto aminimum-costassignment,wherethecostof assigningprobep to cell

c is givenby the sumof Hammingdistancesto the four neighbors.For a setof t independentcells, computingthe

minimumcostassignmentrequiresO(t3) time. Full-chip applicationwith practicalruntimeis achievedby iteratively

choosingthe independentsetfrom a sliding window that is movedaroundthearray;this approachis a reminiscence

of earlywork onelectroniccircuit placementby [2, 26].

We have carefully studieda numberof methodsfor choosingthe independentsetwithin a window: (i) random

maximalindependentset,(ii) chessboardbasedindependentset(whitesquaresor blacksquares),(iii) bestresultfrom

amongK differentmaximalindependentsets,etc. We have found thatusinga singlerandommaximalindependent

set(K = 1) yieldsthebesttradeoff betweensolutionquality andruntime.Therefore,we have implementedtheabove

sliding window methodasfollows. (1) We �rst radix-sortall probeslexicographicallyandthenperform1-threading

as in [11]. (2) Then, for eachsliding W0 � W0 window we chooseone randommaximal independentset of sites

anddeterminethe costof (asynchronous)reassignmentof eachassociatedprobeto eachsite, thenreassignprobes

accordingto theminimumweightperfectmatchingin theresultingweightedbipartitegraph.(3) Thewindow slides

in rows,beginningin thetop-left cornerof thearray;at eachstep,it slideshorizontallyto theright asfar aspossible

while maintaininga prescribedamountof windowoverlap. After the right sideof thearrayis reached,thewindow

returnsto the left endof the next row while maintainingthe prescribedoverlapwith the precedingrow. Whenthe

bottomsideof thearrayis reached,thewindow returnsto thetop-left corner. (4) Thewindow-sliding continuesuntil

anentirepassthroughthearrayresultsin lessthan0.1%reductionof bordercost.4

Our experiments[17] have shown that an overlapequalto half the window sizegivesbestresults;we usethis

settingfor all resultsreportedin this paper. Figure5 illustratestheheuristictuningwith respectto varying window

sizes.We observe that largerwindow sizesloseout to smallerwindow sizeswhenCPUtime is very limited. Unless

otherwisenoted,experimentalresultsbelow areobtainedwith window size= 6 (i.e., 6� 6) andwindow overlap=

3 (for thesevalues,the typical sizeof the randommaximal independentset is around13). Otherexperimentshave

shown thatmoreeffort in eachwindow (andfewer cycles)losesout to lesseffort in eachwindow (andmorecycles),

i.e., beinggreedierwithin a singlewindow thwartsoverall solutionquality. Speci�cally, usingmultiple iterationsof

independent-setmatchingwithin agivenwindow, or choosingthebestof severalattemptedindependent-setmatchings,

worsensour results.Last,weemphasizethattheSliding-Window Matchingalgorithmis easilyparallelizableafterthe

4Fastervariantscanrestrictthenumberof suchpassesto asmallconstant,e.g.,5. For arrayswith upto half amillion probesour implementation

makesaround20passes.
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initial (linear-time)sortingand1-threadingstep;thepreviousmethodsof [11] donothavethis property.

3.3 Empirical Evaluation of SynchronousPlacementAlgorithms

Table 1 comparesthe cost (numberof con�icts) and runtime for the new synchronousplacementalgorithmsand

the TSPheuristicof [11]. Experimentswereperformedon arraysof 25-merprobeschosenuniformly at random.

TSP+1-Threadingruntimesarefor anSGIOrigin 2000with 16195MHzMIPSR10000processors(only oneof which

is actuallyusedby the sequentialimplementationsincludedin our comparison)and4 G-Bytesof internalmemory,

runningunderIRIX 6.4 IP27. Row-epitaxialandSWM runtimesarefor a dual-processor1.4GHzIntel Xeonserver

with 512MB RAM. For comparison,we includethe synchronousplacementlower-boundgiven by Theorem1; the

columnslabeled“%Gap” show by how muchthe respective heuristicexceedsthe lower bound. The row-epitaxial

algorithmachievesan excellenttradeoff betweensolutionquality andruntime(over 13% improvementwith a 10�

speed-upover the TSP+1-Threadingalgorithm of [11] for 500� 500 arrays). The sliding-window matchinghas

slightly worsesolutionquality, but hasmuchbetterscalingruntimethantheothermethods.Parallelizedexecutioncan

achievefurtherspeedupsand/orpermittheuseof strongerlocal improvementoperators.

4 In-PlaceOptimization of ProbeEmbeddings

In our experience,we have foundthatseparateoptimizationof probeplacementandembeddingyieldsbetterresults

for AADP thansimultaneousoptimization.For example,theasynchronousversionof theepitaxialalgorithm[16] and

theasynchronousversionof sliding-window matching[17] arebothdominatedby algorithmsthatwork in two steps:

Step(i). Find a two-dimensionalplacementbasedon synchronousembeddingfor theprobes(using,e.g.,the row-

epitaxialandsliding-window matchingalgorithmsdiscussedin theprevioussection,or theTSP+1-Threading

of [11]).

Step(ii). Iteratively optimizeprobeembeddings,withoutchangingtheir locationon thearray.

In this sectionwe considerthesecondstepof theabove �o w. We begin with algorithmsfor optimally embedding

asingleprobewith respectto its neighbors.Then,weestablisha lower-boundontheoptimumbordercostfor in-place

probeembedding;this lower-boundimprovesoverTheorem2 by takinginto accounttheconstrainton theplacement

of theprobes.Finally, we proposeandcomparethreemethodsfor in-placeoptimizationof probeembeddings,which

we call theBatchedGreedy, theChessboard algorithms,andtheSequentialalgorithm.

4.1 Optimum Embeddingof a SingleProbe

Thebasicoperationusedby in-placeembeddingoptimizationalgorithms(Section4.3) is to �nd theoptimumembed-

dingof aprobewhentheadjacentsitescontainalreadyembeddedprobes.In otherwords,ourgoalis to simultaneously
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align thegivenprobes to its embeddedneighboringprobes,while makingsurethisalignmentgivesa feasibleembed-

dingof s in thenucleotidedepositionsequenceS. In thissectionwegiveanef�cient dynamicprogrammingalgorithm

for computingthis optimumalignment.

TheSingleProbeAlignmentalgorithm(seeFigure6) essentiallycomputesa shortestpathin a speci�c directed

acyclic graphG= (V;E). Let p betheprobeto bealigned,andlet X bethesetof alreadyembeddedprobesadjacentto

p. Eachembeddedprobeq 2 X is asequenceof lengthK = jSj overthealphabetf A;C;G;T;bg, with the j th letterof q

beingeitherablankor sj , the jth letterof thenucleotidedepositionsequenceS. ThegraphG (seeFigure7) hasvertex

setV = f 0; : : : ;kg� f 0; : : : ;Kg (wherek is thelengthof theprobep andK is thelengthof thedepositionsequenceS),

andedgesetE = Ehoriz [ Ediag where

Ehoriz = f (i; j � 1) ! (i; j) j 0 � i � k;0 < j � Kg

and

Ediag = f (i � 1; j � 1) ! (i; j) j 0 < i � k;0 < j � K; pi = sjg:

The cost of a horizontaledge(i; j � 1) ! (i; j) is de�ned as the numberof embeddedprobesin X which have a

non-blankletter on j th position,while the costof a diagonaledge(i � 1; j � 1) ! (i; j) is equalto the numberof

embeddedprobesof X with a blankon the j th position.TheSingleProbeAlignmentalgorithmcomputestheshortest

pathfrom thesourcenode(0;0) to thesinknode(k;K) usingatopologicaltraversalof G (thegraphG is notexplicitly

constructed).

Theorem3 Thealgorithmin Figure6 returns,in O(kK) time, theminimumnumberof con�icts betweenanembedding

of sandtheadjacentembeddedprobesX (alongwith a minimum-con�ictembeddingof s).

Proof. Eachdirectedpathfrom (0;0) to (k;K) in G consistsof K edges,k of whichmustbediagonal.Eachsuchpath

P correspondsto anembeddingof p into Sasfollows. If the j th arcof P is horizontal,theembeddinghasa blankin

jth position.Otherwise,the j th arcmustbeof theform (i � 1; j � 1) ! (i; j) for some1 � i � k, andtheembedding

of p correspondingto P haspi = sj in the jth position. It is easyto verify that theedgecostsde�ned above ensure

thatthetotal costof P givesthenumberof con�icts betweentheembeddingof p correspondingto P andthesetX of

embeddedneighbors. ut

Remark. The above dynamicprogrammingalgorithm can be easily extendedto �nd the optimal simultaneous

embeddingof n > 1 probes.The correspondingdirectedacyclic graphG consistof knK nodes(i1; : : : ; in; j), where

0 � i l � k, 1 � j � K. All arcsinto (i1; : : : ; in; j) comefrom nodes(i01; : : : ; i0n; j � 1), wherei0l 2 f i l ; i l � 1g. Therefore

theindegreeof eachnodeis at most2n. Theweightof eachedgeis de�ned asabovesuchthateach�nite weightpath

de�nesembeddingsfor all probesandtheweightequalsthenumberof con�icts. Finally, computingtheshortestpath

between(0; : : : ;0) and(k; : : : ;k;K) canbedonein O(2nknK) time.
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4.2 Lower Boundsfor In-Place EmbeddingOptimization

To getanestimateonthehow muchimprovementis possible,let LG2 beagrid graphG2 with weightsonedgesequal

to theLCSdistancebetweenendpointprobes.Thefollowing lowerboundis obvious.

Theorem4 Thetotal edgeweightof thegraphLG2 is a lowerboundontheoptimumAADPsolutioncostwith a given

placement.

Note. A more accuratelower boundcan be obtainedby replacingLCS distancewith embeddedLCS distance,

elcsd(p; p0), which is theminimumnumberof con�icts overall possiblepairsof embeddingsof theprobesp andp0.

TheembeddedLCS distancecanbecomputedusinganO(jpj � j p0j � jSj) dynamicprogrammingalgorithm. Unfortu-

nately, neitherof theselowerboundsis tight, ascanbeseenfrom theexamplein Figure3.

4.3 Algorithms for Iterati ve In-PlaceEmbeddingOptimization

Batched Greedy Optimization. We have implementeda naturalgreedyalgorithm (GA) for optimizing probe

embeddings.TheGA �nds aprobethatofferslargestcostgainfrom optimumre-embeddingwith respectto the(�x ed)

embeddingsof its neighbors;thealgorithmthenimplementsthis re-embedding,updatesgains,andrepeats.A faster

batchedversionof GA (seeFigure8) partially sacri�ces its greedynaturein favor of runtime,via the mechanism

of less-frequentgain updates.In otherwords,during a singlebatchedphasewe re-embedprobesin greedyorder

accordingto thecostgainsfrom re-embedding,but wedonotupdateany gainwhile therearestill independentprobes

with positivegain.

ChessboardOptimization. Themainideabehindour so-called“Chessboard”algorithmis to maximizethenumber

of independentre-embeddings,wheretwo probesareindependentif changingtheembeddingof onedoesnot affect

the optimumembeddingof the other. It is easyto seethat if we bicolor our grid aswe would a chessboard,then

all white (resp. black) siteswill be independentandcanthereforebe simultaneously, andoptimally, re-embedded.

TheChessboardAlgorithm (seeFigure9) alternatesre-embeddingsof blackandwhite sitesuntil no improvementis

obtained.

A 2� 1 versionof the Chessboardalgorithmpartitionsthe arrayinto iso-oriented2� 1 tiles andbicolorsthem.

Thenusingthemulti-probealignmentalgorithm(seetheremarkin Section4.1) with n = 2 it alternatively optimizes

theblackandwhite 2� 1 tiles.

SequentialOptimization. In this method,we perform optimal re-embeddingof probesin a sequentialrow-by-

row fashion. A shortcomingof the BatchedGreedyand Chessboardalgorithmsis that, by always re-embedding

independentsetsof probes,it takeslongerto propagatetheeffectsof anew embedding.Performingthere-embedding

sequentiallypermitsfasterpropagationandconvergenceto a betterlocaloptimum.

4.4 Empirical Evaluation of In-PlaceEmbeddingOptimization Algorithms

We have implementedthefour in-placeembeddingoptimizationalgorithmsdiscussedin theprevioussection,namely

theBatchedGreedy, Chessboard,2� 1 Chessboard,andSequentialalgorithms.To improve theruntimewe stopall
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algorithmsassoonasthe improvementfor an iterationdropsbelow 0:1% of the total numberof con�icts.5 Table2

givestheresultsobtainedby the four algorithmswhenappliedto the two-dimensionalplacementconstructedby the

TSP+1-Threadingalgorithm[11].6 For comparison,we includethe lower-boundgivenby Theorem4; the columns

labeled“%Gap” show by how muchtherespectiveheuristicexceedsthelowerbound.

Theresultsshow thattheChessboardalgorithmis betterthanBatchedGreedywith comparablerunningtime. 2� 1

Chessboardimprovessolutionquality by a further .8-1.2%,comingwithin 19-20%of the lower-boundfor arraysof

sizebetween100� 100and500� 500.We foundtheSequentialalgorithmto give thebesttradeoff betweensolution

quality andruntime: its runtime is comparableto that of BatchedGreedyandChessboard,yet its solutionquality

comescloseandsometimesexceedsthatof 2� 1 Chessboard.

5 Practical Extensions

The following extensionsto the borderlength minimization problemare importantin practice,but have not been

addressedby previousworkson theproblem[11].

1. Distance-dependentborder con�ict weights.Back-re�ectionof light doesnotaffectonly adjacentarraycells,

i.e.,cellssharinganedge.To a lesserdegree,it alsoaffectscellsthatshareacorner, andevencellsthatareasfar

as3 cellsapart[14]. This impliesthatanaccurateformulationof theproblemshouldweightcon�icts according

to thedistancebetweencells.

2. Position-dependentborder con�ict weights. The weight of bordercon�icts dependson the positionin the

probesincecontaminationerrorsaremoreharmfulin themiddleof theprobe[14]. Suggestedweightsaregiven

by thesquarerootof thedistanceto thecloserendpoint(so,con�ict weightvariesfrom 1 to
p

12 in a25-mer).

3. Polymorphic probes.Someof thesynthesizedDNA probesoccurbothunmodi�ed andmutatedin themiddle

position(e.g.,for detectionof singlenucleotidepolymorphisms– SNPs– in thetargetDNA or for reliability of

thehybridizationtest). To minimizeborderlengththeSNPsareplacedtogether, so thegeneralBMP requires

placingandaligninga mixtureof singleprobes,2- and4-ominoes.

Extendingmostof ourmethodsto handletheseextensionsis straightforward;herewe focushereon theextension

of theoptimalalignmentalgorithmgivenin Section4.1. De�ne a probeto bea setof 1, 2, or 4 k-mers(SNPs)which

differ only in themiddleposition.Wewill assumethattheSNPsin aprobearealwaysplacedin adjacentcellsforming

1� 1, 2� 1, or 2� 2 rectangles,respectively. Furthermore,we assumethat theSNPsin a probearealwaysalignedto

eachotherexceptfor thesinglepositionwherethemutationoccurs.Althoughtheoptimumsolutionmaynot always

satisfytheseconstraints,imposingthemshouldonly leadto averysmall lossin solutionquality.

5In our experimentsimposingthe thresholdof 0:1% leadsto a total lossin solutionquality of at most1%. On theotherhand,thenumberof

iterationsandhencetheruntimedecreasesby morethanoneorderof magnitude.
6Experimentswereperformedon arraysof 25-merprobeschosenuniformly at random.Runtimesarefor a dual-processor1.4GHzIntel Xeon

server with 512MBRAM.
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We will �rst describethealgorithmfor embeddinga probeconsistingof a singlek-mer, andthengeneralizeit to

thecaseof two or four SNPsperprobe.We usethefollowing notations:

� S= s1 : : :sK= nucleotidedepositionsequence

� k= lengthof probes(typically k = 25)

� jjqjj j= numberof non-blanklettersamongthe�rst j positionsof embeddedprobeq

� h(c;c0)= horizontaldistancebetweencellsc andc0

� v(c;c0)= verticaldistancebetweencellsc andc0

� w : N+ � N+ ! [0;1], �nite supportfunction7 giving thecon�ict weightbetweenamaskedcell andanunmasked

cell asa functionof thehorizontalandverticaldistancesbetweenthem

� wi , i = 1; : : : ;k, non-negativecon�ict weightmultipliersdependingon thepositionof theerroneouslyinserted

nucleotide,e.g.,w(i) =
p

minf i;k � ig.

Theembeddingalgorithmfor a probep = f p1 : : : pkg with no mutations(Figure10) is essentiallyidenticalto the

thealgorithmin Figure6 exceptfor thedifferentcostsassignedto theedgesof theunderlyingdirectedacyclic graph

G. Let cp thearraycell assignedto p, and,for every arraycell c 6= cp, let qc betheembeddedprobeplacedin c. In

otherwords,every qc is a sequenceof lengthK = jSj over thealphabetf A;C;G;T;bg, with the j th letterof qc being

eitherb (blank)or sj . We de�ne thecostof a horizontaledge(i; j � 1) ! (i; j) to be

xi j = w(i) å
c6= cp; (qc) j 6= b

w(h(cp;c);v(cp;c)) (1)

andthecostof a diagonaledge(i � 1; j � 1) ! (i; j) to be

yi j = å
c6= cp; (qc) j = b

w(jjqcjj j )w(h(c;cp);v(c;cp)) (2)

It is easyto verify thatthetotal costof apathP from (0;0) to (k;K) equalstheweightednumberof con�icts between

thecorrespondingembeddingof p andthesurroundingembeddedprobes.

Theorem5 Thealgorithmin Figure10returnstheminimumcon�ict weightalongwitha minimumcon�ict embedding

of p in O(kK + KW) time, whereW is thesizeof the�nite supportof w.

Proof. Thecorrectnessfollows by observingthat thealgorithmimplicitly computesa shortestpathfrom thesource

node(0;0) to thesinknode(k;K) usinga topologicaltraversalof G1. Sincesteps2–4takeO(kK) time,theruntimeis

dominatedby computingtheO(kK) edgecostsin Step1. Sinceeachxi j is theproductof two values,onedepending

only on i andthe otheronly on j, calculatingall valuesxi j canbe donein O(kK + KW) time. Similarly, yi j 's are

independentof i andcanbecomputedin O(kK + KW) timeoverall. ut

7Thesupportof a function f is thesubsetof its domainwhere f hasnon-zerovalues.
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We now consider a probe p consisting of two SNPs, namely, p1 : : : pm� 1pmpm+ 1 : : : pk and p1 : : :

pm� 1p0
mpm+ 1 : : : pk. Let cp and c0

p be two adjacentarray cells in which the two SNPsmust be placed. Besides

embeddingthe two SNPsinto the nucleotidedepositionsequence,embeddingp alsorequiresdecidingwhich SNP

goesinto cp andwhichonegoesinto c0
p. Findingtheoptimumembeddingof p canbecastasa shortestpathproblem

in a new directedacyclic graphG2 (seeFigure11)obtainedfrom G1 by

1. Deletingvertices(m; j), j = 0; : : : ;K andtheedgesincidentto them;

2. Changingthecostof eachremaininghorizontaledge(i; j � 1) ! (i; j) to

w(i)å
�
w(h(cp;c);v(cp;c)) + w(h(c0

p;c);v(c0
p;c))

�
(3)

wherethesumis takenoverall c =2 f cp;c0
pg suchthat(qc) j 6= b

3. Changingthecostof eachremainingdiagonaledge(i � 1; j � 1) ! (i; j) to

w(jjqcjj j )å
�
w(h(c;cp);v(c;cp)) + w(h(c;c0

p);v(c;c0
p))

�
(4)

wherethesumis takenoverall c =2 f cp;c0
pg suchthat(qc) j = b.

4. Inserting6(K + 1) new vertices(a;b; j), wherea;b 2 f e; pm; p0
mg, a 6= b, and j = 0; : : : ;K;

5. Inserting,for every j = 1; : : : ;K, horizontaledges(a;b; j � 1) ! (a;b; j) with cost

w(m� 1+ jaj)å w(h(cp;c);v(cp;c))

+ w(m� 1+ jbj)å w(h(c0
p;c);v(c0

p;c)) (5)

wherethesumsaretakenoverall c =2 f cp;c0
pg suchthat(qc) j 6= b

6. Insertingdiagonaledges

� (m� 1; j � 1) ! (pm;e; j), respectively (m� 1; j � 1) ! (p0
m;e; j), for every j suchthat pm = sj , respec-

tively p0
m = sj , eachwith cost

w(m� 1)w(h(c0
p;cp);v(c0

p;cp))

+ w(jjqcjj j )å w(h(c;cp);v(c;cp)) (6)

wherethesumis takenoverall c =2 f cp;c0
pg suchthat(qc) j = b;

� (m� 1; j � 1) ! (e; pm; j), respectively (m� 1; j � 1) ! (e; p0
m; j), for every j suchthat pm = sj , respec-

tively p0
m = sj , eachwith cost

w(m� 1)w(h(cp;c0
p);v(cp;c0

p))

+ w(jjqcjj j )å w(h(c;c0
p);v(c;c0

p)) (7)

wherethesumis takenoverall c =2 f cp;c0
pg suchthat(qc) j = b;
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� (e; p0
m; j � 1) ! (pm; p0

m; j), respectively (e; pm; j � 1) ! (p0
m; pm; j),for every j suchthatpm = sj , respec-

tively p0
m = sj , eachwith cost

w(m)w(h(c0
p;cp);v(c0

p;cp))

+ w(jjqcjj j )å w(h(c;cp);v(c;cp)) (8)

wherethesumis takenoverall c =2 f cp;c0
pg suchthat(qc) j = b;

� (p0
m;e; j � 1) ! (p0

m; pm), respectively (pm;e; j � 1) ! (pm; p0
m; j), for every j suchthat pm = sj , respec-

tively p0
m = sj , eachwith cost

w(m)w(h(cp;c0
p);v(cp;c0

p))

+ w(jjqcjj j )å w(h(c;c0
p);v(c;c0

p)) (9)

wherethesumis takenoverall c =2 f cp;c0
pg suchthat(qc) j = b;

� (pm; p0
m; j � 1) ! (m+ 1; j) and(p0

m; pm; j � 1) ! (m+ 1; j), bothwith costgivenby (4), for every j such

that pm+ 1 = sj .

Thede�nition of G2 ensuresthateachdirectedpathfrom (0;0) to (k;K) correspondsto anembeddingof thetwo

SNPsof probep. Sincethecostsof theO(kK) edgesof G2 canstill becomputedin O(kK + KW) time, it followsthat

theminimumcon�ict embeddingof a two SNPprobecanbecomputedin O(kK + KW) by analgorithmsimilar to the

onein Figure6.

The optimalembeddingof a probewith four SNPscanbe found by a shortestpathcomputationin a graphthat

similarly representsall possibleassignmentsof thefour SNPsto thefour arraycells,aswell asthepossibleembeddings

of theSNPsinto thenucleotidedepositionsequence.Thegraphstill containsO(kK) edges,andedgecostscanstill be

computedin O(kK + KW) time. Therefore,we get:

Theorem6 Theminimumcon�ict embeddingof a two or four SNPprobecanbecomputedin O(kK + KW) time.

6 Empirical Evaluation of Overall AADP Flows

We conductedexperimentson bothrandomandindustrydatasetsto compareour AADP �o ws. Table3 givesresults

for our �o ws performingoptimizationof probeplacementfollowed by in-placeoptimizationof probeembeddings.

As in previous sections,theseexperimentswere run on arraysof 25-merprobeschosenuniformly at random. In

theseexperiments,arraysizewasvariedbetween100� 100and1000� 1000. The resultsindicatethat our methods

arehighly scalableandyield highqualitysolutionsfor AADP. Thebestsolutionquality is achievedby Row-Epitaxial

followed by Sequentialalignment: this �o w improvesby up to 35% over the synchronousplacementscomputed

using the TSP+1Threadingmethodof [11] andup to 10% over the methodof [11] followed by Sequentialalign-

ment. TheSliding-Window Matchinghasthebestscalingruntime,completinga million probeplacementin tensof

minutesof CPU time on a 1.4GHzIntel Xeon server with 512MB RAM, while still beatingin solutionquality the

TSP+1Threadingalgorithmfollowedby Sequentialalignment.
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For comparison,we includedin Table3 the lower-boundgivenby Theorem4. While thegapto thelower-bound

tendsto increasewith chipsizefor all comparedalgorithms,wedonoticesomeverypositivetrendsfor thebordercost

normalizedby thenumberof pairsof adjacentarraysites,i.e., theaverage numberof con�icts per pair of adjacent

sites. For probesof length25 asthoseusedin our experimentsthe maximumnormalizedcost is 50 (whenthereis

a completemismatchbetweenadjacentprobes).For any arraysize,randomplacementof synchronouslyembedded

randomprobesleadsto anexpectednormalizedcostof 37.5,sinceoneexpectsmatchesbetweentwo adjacentprobes

for onequarterof thenucleotides.In contrast,for all theconsideredAADP algorithmsthenormalizedcostdecreases

with increasingchip size,which canbeattributedto greaterfreedomof choicethatthealgorithmscanexploit for the

larger chip sizes. The row-epitaxialbased�o w resultsin a normalizedcostof 17.9 for arraysof size1000� 1000,

which representsanimprovementof 52%over theexpectednormalizedcostof a randomplacement.

Wehavealsovalidatedourmethodson thesetof probesfor anAffymetrix HumaneGenomechip. This712� 712

DNA chip is �lled by pairsof SNP's (eachconsistingof the original probeanda copy with the middle nucleotide

changed)and small amountof control probes(< 1%) eachhaving a pre-determinedplacement. The (truncated)

periodicnucleotidedepositionsequenceusedby Affymetrix (andin our experiments)haslength74: this sequence

is suf�ciently long to accommodateall probesandcheaperthantheuniversal100-longnucleotidesequenceby 26%.

The �o w thatgave thebestresultsconsistsof the following steps:(1) Probeembeddingusinga SNP-awareversion

of “earliestpossible”embedding;(2) Lexicographicalsortingof the embeddedprobesfollowed by 1-threading;(3)

Synchronoussliding window matching– we used48� 48 windows with overlap24 – wheresynchronoushererefers

to computingHammingdistancesbetweenembeddedprobesratherthanun-embeddedprobes;(4) Row-epitaxialwith

k0 = 80 rowsof lookahead;and(5) A SNP-awareversionof theSequentialalignmentalgorithm.The�nal numberof

con�icts wasreducedby 4.2%with respectto theAffymetrix optimizedplacement.8

7 Conclusions

In thispaperwehavestudiedDNA arraydesignproblemswhichseekto minimizetheunintendedilluminationduring

manufacturing. We have suggestedhighly scalablealgorithmsfor synchronousprobeplacementand for in-place

probeembeddingoptimization.Combiningthesealgorithmsyieldsbetterandfastersolutionsto theDNA arraydesign

problemcomparedto previousmethods;ourapproachalsocomparesfavorablyto industryplacements.

We arecurrentlyoptimizingour implementationfor multiprocessingandmorepracticalcostcriteria. Here,other

meta-heuristicframeworks(e.g.,large-stepMarkov chains)areof interest,aswell aspotentialimprovementsthatour

discussionhasalreadynoted.Wealsoseekto integrateprobeselectionandarrayreliability aspectsinto ourplacement

andembeddingproblemformulation. Developingtighter lower boundsandothermeansof assessingsub-optimality

of arraydesignalgorithmsis anotherimportantdirectionfor furtherwork.

8We understand[14] that Affymetrix usesplacementtechniquesthat aresimilar to row-epitaxialplacementcombinedwith earliestpossible

alignment.This probablyexplainswhy our improvementis relatively small.Furthermore,wenotethatthereductionin numberof masksfrom 100

to 74alsoreducessomehow thefreedomthatcanbeexploitedby ourdynamicprogrammingalignmentalgorithms.
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Figure1: (a) Two-dimensionalprobeplacement.(b) Three-dimensionalprobeembedding:thenucleotidedeposition

sequenceS= (ACT) correspondsto thesequenceof threemasksM1;M2 andM3. In eachmaskthemaskedsitesare

shadedandthebordersbetweentransparentandmaskedsitesarethickened.
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Input: SetP of N2 probes,scalingcoef�cients ki , i = 1; : : : ;3

Output: Assignmentof theprobesto thesitesof anN � N grid

1. Mark all grid sitesasempty

2. Assigna randomlychosenprobeto thecentersiteandmarkthis siteasfull

3. While thereareemptysites,do

If thereexistsanemptysitec with all 4 neighborsfull, then

Find probep(c) 2 P with minimumsumof Hammingdistancesto theneighboringprobes

Assignprobep(c) to sitec andmarkc asfull

Else

For eachemptysitec with i > 0 adjacentfull sites,�nd probep(c) 2 P with minimumsumSof Hamming

distancesto theprobesin full neighbors,andlet norm cost(c) = kiS=i.

Let c� bethesitewith minimumnorm cost

Assignprobep(c� ) to sitec� andmarkc� asfull

Figure4: TheEpitaxialAlgorithm
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Input: NucleotidedepositionsequenceS= s1s2 : : :sK , si 2 f A;C;G;Tg; setX of probesalreadyembeddedinto S; and

unembeddedprobep = p1p2 : : : pk, pi 2 f A;C;G;Tg

Output: Theminimumnumberof con�icts betweenanembeddingof p andprobesin X, alongwith a minimum-con�ict

embedding

1. For eachj = 1; : : : ;K, let x j bethenumberof probesin X which have a non-blankletterin j th position.

2. cost(0;0) = 0; For i = 1; : : : ;k, cost(i;0) = ¥

3. For j = 1; : : : ;K do

cost(0; j) = cost(0; j � 1) + x j

For i = 1; : : : ;k do

If pi = sj thencost(i; j) = minf cost(i; j � 1) + x j ; cost(i � 1; j � 1) + jXj � x j g

Elsecost(i; j) = cost(i; j � 1) + x j

4. Returncost(k;K) andthecorrespondingembeddingof s

Figure6: TheSingleProbeAlignmentAlgorithm
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Input: FeasibleAADP solution,i.e.,placementin G2 of probesembeddedin S

Output: A heuristiclow-costfeasibleAADP solution

While thereexist probeswhichcanbere-embeddedwith gainin costdo

Computegainof theoptimumre-embeddingof eachprobe.

Unmarkall probes

For eachunmarkedprobep, in descendingorderof gain,do

Re-embedp optimallywith respectto its four neighbors

Mark p andall probesin adjacentsites

Figure8: TheBatchedGreedyAlgorithm
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Input: FeasibleAADP solution,i.e.,placementin G2 of probesembeddedin S

Output: A heuristiclow-costfeasibleAADP solution

Repeatuntil thereis no gainin cost

For eachsite(i; j), 1 � i; j � N with i + j even,re-embedprobeoptimallywith respectto its four neighbors

For eachsite(i; j), 1 � i; j � N with i + j odd,re-embedprobeoptimallywith respectto its four neighbors

Figure9: TheChessboardAlgorithm

26



Input: NucleotidedepositionsequenceS= s1s2 : : :sK , si 2 f A;C;G;Tg; probep = p1p2 : : : pk, pi 2 f A;C;G;Tg, probe

locationcp, andprobeembeddingsqc, c 6= cp

Output: Minimum con�ict weightalongwith aminimumcon�ict embeddingof p

1. Computexi j andyi j for eachi = 1; : : : ;k and j = 1; : : : ;K using(1) and(2)

2. cost(0;0) = 0; For i = 1; : : : ;k, cost(i;0) = ¥

3. For j = 1; : : : ;K do

cost(0; j) = cost(0; j � 1) + xi j

For i = 1; : : : ;k do

If pi = sj thencost(i; j) = minf cost(i; j � 1) + xi j ; cost(i � 1; j � 1) + yi j g

Elsecost(i; j) = cost(i; j � 1) + xi j

4. Returncost(k;K) andthecorrespondingembeddingof p

Figure10: Theembeddingalgorithmfor aprobewith nomutations
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Chip Lower Bound TSP+1Thr Row-Epitaxial SWM

Size Cost Cost Gap(%) CPU Cost Gap(%) CPU Cost Gap(%) CPU

100 410019 554849 35.3 113 502314 22.5 108 605497 47.7 2

200 1512014 2140903 41.6 1901 1913796 26.6 1151 2360540 56.1 8

300 3233861 4667882 44.3 12028 4184018 29.4 3671 5192839 60.6 19

500 8459958 12702474 50.1 109648 11182346 32.2 10630 13748334 62.5 50

Table1: Total bordercost,gapfrom the lower-boundgivenby Theorem1, andCPUseconds(averagesover 10 ran-

dominstances)for theTSPheuristicof [11] (TSP+1Thr),therow-epitaxial(Row-Epitaxial),andthesliding-window

matching(SWM) heuristic. We usean upperboundof 20000on the numberof candidateprobesin Row-Epitaxial

(i.e.,weusek0 = 20000=chipsizelook-aheadrows),and6� 6 windowswith overlap3 for SWM.
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Chip Lower Bound BatchedGreedy Chessboard 2x1Chessboard Sequential

Size Cost Gap(%) CPU Gap(%) CPU Gap(%) CPU Gap(%) CPU

100 364953 25.7 40 20.5 54 19.4 480 19.9 64

200 1425784 26.3 154 20.9 221 19.7 1915 20.3 266

300 3130158 26.7 357 21.5 522 21.6 4349 20.6 577

500 8590793 27.1 943 21.4 1423 20.2 15990 20.9 1535

Table2: Gapfrom the lower-boundgivenby Theorem4 andCPUseconds(averagesover 10 randominstances)for

thefour in-placeembeddingoptimizationalgorithms.
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Chip Lower Bound TSP+1Threading[11] TSP+1Threading+Seq. Row-Epit.+Seq. SWM+Seq.

Size Cost Norm. Cost Norm. Cost Norm. CPU Cost Norm. CPU Cost Norm. CPU

100 220497 11.1 554849 28.0 439829 22.2 113 413158 20.9 118 433274 21.9 1

200 798708 10.0 2140903 26.9 1723352 21.6 1901 1593146 20.0 493 1693658 21.2 46

300 — — 4667882 26.0 3801765 21.2 12028 3503526 19.5 1562 3746722 20.9 112

500 — — 12702474 25.5 10426237 20.9 109648 9418042 18.9 8400 10049442 20.1 302

1000 — — — — — — — 35918568 17.9 41740 38898792 19.5 1307

Table3: Totalbordercost,bordercostnormalizedby thenumberof pairsof adjacentarraycells,andCPUtimeof the

comparedAADP heuristics(averagesover 10 randominstances).We used6� 6 windows with overlap3 for SWM,

andk0 = 20 look-aheadrows for Row-Epitaxial.
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