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Abstract.  Auctions and exchangesare one of the mostimportantmarket
mechanismsor price determinatiorandallocationof goods.In this paperwe
considerthe casewheneachbuyer hasa limited budgetandwishesto buy at
mostoneitem in multi-item auctions.We shaw the limitations of two known
mechanisms- sequencef single-itemauctionsandrecentlyintroducedXOR
doubleauctions-andintroduceaneny mechanismsocalledXOR(double)auc-
tion with buyerprefeencegXOR-(D)ABP), which avoidsthesedimitations.

In the proposedmechanisnmbuyers specify preferencesn the items on
whichthey bid. We seekallocationsof theitemsto the buyerswhich arestable
with respecto buyer’s preferences,e.,itemswhich arepreferableo theitem
allocatedto a buyeraresoldfor a price higheror equalto whatsheofferedfor
them.In thecaseof doubleauctionstheallocationshouldalsoensuregairness

to the sellers:if anitem receved a bid with a highervaluethanthe allocated
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pricethenthebuyerwho placedthatbid getsamoreor equallypreferablatem.

We first shawv thatin an XOR auctionwith notiesin buyerpreferenceandbid

valuesboth buyersandsellersarebetteroff thanin an XOR auction. Second,
we shawv thatfinding stableallocationswith maximumrevenueor buyer sat-
isfactioncanbe doneefficiently in an XOR-DABP without ties, andthat the

problemis NP-hardproblemwhenties are allowed. We proposea practical
heuristicfor finding maximumstableallocationsn the presencef ties,andre-

port promisingexperimentakesults. Third, we considerthe specialcasewhen

all bidsfor anitemhave thesamevalueandgive anefficientalgorithmbasedn

maximumbipartitematching.We alsoshaw thatin this casestableallocations
form a greedoid.

We also proposea new mechanismso calledan XOR auctionwith seller
priorities (XOR-ASP),in which the sellerassignsa priority to eachitem, and
seeksallocationsin which ary item is allocatedonly if all itemswith higher
prioritiesarealsoallocated We shaw thattheselleris betteroff usingan XOR-
ASPratherthana seriesof simpleauctions andgive anefficient algorithmfor
finding afeasibleallocationwith maximumvalue/surplushasedn maximum-
weight perfectmatchings.Feasibleallocationsform a Gaussiargreedoid and
thereforethe maximumvalue/surplusallocationcanbe found even more effi-

cientlywhenevery buyerbidsthe samevalueon all acceptabléems.

1 Intr oduction

Auctionsandexchangesreoneof the mostimportantmarket mechanismsor
pricedeterminatiorandallocationof goods.They arebecomingavenmoreim-
portantastheInternetcreateghe opportunityfor anincreasinghumberof con-
sumersandbusinesse® participate . Traditionalauctionandexchangdormats
(Englishand Dutch auctions,stock exchangesetc.) allow the participantsto
bid for a singleitem atatime. Recentesearclon combinatoriakuctiong/An-

dersson;TenhunenandYgge, 2000; Fujishima,Leyton-Browvn, and Shoham,



1999; Lehmann,O’Callaghan,and Shoham,1999; Nisan, 2000; Rothkopf,

Pelec,andHarstad, 1998; Sandholm 1999; Sandholmand Suri, 2000) hasat-

temptedto extendtraditionalauctionformatshby allowing bids on bundlesof

items. Anotherattractve featureof combinatorialuctionsis the possibility to

placemultiple mutually exclusive (XOR) bids which moreaccuratelyexpress
buyer’s truevaluationsandleadto moreefficientitem allocationscomparedo

sequentiahuctionsgNisan,2000;SandholmandSuri, 2000). Unfortunatelyin

combinatoriabuctionshuyerscannotexpressary preferenceducedby their
limited budget.

Considerfor examplea sealed-bidsingle-roundauctionin which one or
multiple buildersoffer for salesereralhousesEachbuyeris interestedn buy-
ing a singlehousefrom a setof acceptablehoices.Eachbuyerb hasits own
privatevalue,private(b, h), for eachhouseh. A buyerwith unlimited budget
will simply placemutually exclusive bids,onefor eachacceptablédnousewith
bid valueschosenso asto equalizebuyer utility. The situationis drastically
changedn presencef budgetconstraints Note thatfor real estatehe budget
limit may alsodependon the houseappraisalalue,i.e., abuyerb mayhave a
differentbudgetbudget(b, h) for eachhouseh. In this casethe buyercanno
longerassignbid valuesthat would male all choicesequally acceptable.In-
deed,assumehatb is interestedn buying oneof two housesh, andhs, such

that
private(b, h1) — budget(b, h1) > private(b, hy) — budget(b, hy) > 0

In a secondprice auctiona rational buyer shouldbid the maximumpossible
valuefor eachhousej.e., budget(b, h;) for thehouseh;, i = 1,2. Theutility
derived by b, private(b, h;) — budget(b, h;), is larger whenb wins househ;
ratherthanh,. Thereforejt maybebetterto bid for A, only, anddo no bid for
ho.

Thisimpliesthatthelimited budgetforcesabuyerto preferonehouseover
anotherlIf abuyerwouldplaceXOR bidsonherchoicescurrentcombinatorial

auctionmechanismsvill probablyforce herto buy oneof the mostexpensve
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house®n herlist, regardlesof hersurplusfor thathouse.In fact,shemayend
up with the leastpreferablehouse,i.e., housethat give her the leastsurplus.
Whenthisis thecase puyersmaybebetteroff by notbiddingonall acceptable
choicessee.e.g.,Example2. To encouragduyersto accuratelyexpresstheir
wishesvia XOR bids,themechanisnior determiningthe winning bids should
take into accountouyer’s preferencebetweenKOR bids.

The revenueof the auction (for eachitem separatelywould increaseif
more bids are placed. Thereforeit is in the auctioneelintereststo let each
buyerto placebidsin the orderpreferableby this buyer Indeed,if theorderis
changedhentherationalbuyer’s behaior is notto bid for itemswhichwill be
soldbeforetheitem which givesthe mostgainfor the buyer

In this papemve give winnerdeterminatioralgorithmswhichobsere buyer's
preference$or somerestrictedtypesof combinatorialauctions.In our setting
eachbuyerwantsto buy a singleitem. Togethemwith bid valuesbuyersspecify
preferencegpossiblyincludingties) on theitemson which they bid. We seek
allocationsof the itemsto the buyersthat are stable with respectto buyer’s
prefeencesin the sensehatitemswhich are preferableto the item allocated
to abuyeraresoldfor a price higheror equalto what sheofferedfor them. In
the caseof doubleauctions,the allocationshouldalso ensurefairnessto the
sellers:if anitem receved a bid with a highervaluethanthe allocatedprice
thenthe buyerwho placedthatbid getsa moreor equallypreferabldatem.

Thestableitem allocationscanbe choseraccordingo oneof thefollowing

objectves.

¢ MaximumRevenue/Surplusfind a stableallocationmaximizingthesum
of pricespaid by the buyers, or the sum of pricespaid by the buyers

minusthe sumof resene pricesfor the solditems.

o MaximumBuyer Satisfaction:find, if it exists, the stableallocationin
which eachbuyergetsthe mostpreferabldtem amongall itemsthatshe

cangetin a stableallocation.



Finding the stableallocationswith eitherthe maximumtotal value/surplusor
maximumbuyer satishction canbe doneefficiently whenthereareno tiesin
buyer preferenceandbid values. As soonasbuyershave tiesin their prefer
encesj.e.,if they do notdifferentiatebetweertwo or moreitemsthatthey bid
on, or if thebid valueshave ties,i.e., two buyershapperto bid the samevalue
on the sameitem, stableallocationswith maximumbuyer preferencanay no
longerexist, andfinding a stableallocationwith maximumvalue/surplushe-
comesNP-hard.

Wefurtherconsidetheimportantspecialcaseof XOR auctionswith buyer
preferencesn which all bids for anitem have the samevalue. This models,
e.g.,the situationin which the partiesinvolved do not assignbid values,but
only expressinterestin startingbilateralnegotiations.For example,considera
governmentageny having a certainnumberof projects. Variousindependent
contractorsbid on theseprojects,eachgiving her partial orderof preferences
for projectsthatshebidson. The objective of theageng is to assignthe max-
imum numberof theseprojectsto various contractorswith a constraintthat
a contractoris assigned projectthatis lesspreferableto her only whenall
projectsmorepreferableo herareassignedo someonelse.

In this casethe stability conditionbecomesvealer: buyersareguaranteed
to get the most preferableitem amongthosenot taken by others. We shawv
that stableallocationsform a greedoidwhen the seller doesnot distinguish
betweeritems,e.g.,all temshave thesameresere price. Thisimpliesthatthe
maximumesizestableallocationcanbe computedefficiently.

In an XOR auction with seller priorities (XOR-ASP), the seller assigns
a priority to eachitem, and seeksallocationsin which ary item is allocated
only if all itemswith higher priorities are also allocated. We shav that the
selleris betteroff usingan XOR-ASPratherthana seriesof simpleauctions,
andgive anefficientalgorithmfor finding afeasibleallocationwith maximum
value/surplus pasedon maximum-weightperfectmatchings. Feasibleallo-

cationsform a Gaussiargreedoid,and thereforethe maximumvalue/surplus



allocationcanbefound even moreefficiently whenevery buyer bidsthe same
valueon all acceptabléems.

The paperis organizedasfollows. In the next sectionwe introducethe
maximumstableallocation(MSA) problemfor XOR-DABP. In Section3 we
shav the advantagesf XOR-DABP without ties over XOR doubleauctions.
Then,in Section4, we give practicalexact andapproximationalgorithmsfor
the MSA problem,andreportpromisingexperimentakesults.In Section5 we
studyweakly stableallocationsfor XOR-ABPsandgive anefficientalgorithm
for finding maximumsize weakly stableallocations. In Section6 we shav
that weakly stableallocationsform a greedoid,and investigateits properties.
Finally, in Section7, weformally introduceXOR-ASRE compardt with aseries
of simpleauctionsandgive efficientalgorithmsfor finding feasibleallocations

with maximumvalueor surplus.

2 XOR Double Auctionswith Buyer Preferences

In this sectionwe introduceXOR doubleauctionswith buyer preferencesind
definestableallocationsfor them. Consideran XOR doubleauctionwith a set
B of buyersanda setI of itemsfor sale.Eachbuyerb is interestedn buying
a singleitem from a subsetl, of I. We assumehat buyer b placesmutually
exclusive bids on the itemsin I,. The valueofferedby b for item: € I is
denoteddy v(b, 7).

In an XOR Double Auction with Buyer Prefeences(XOR-DABP), buyers
have preferencesor theitemson which they bid. We write i <; 7 whenbuyer
b strictly prefersitems € I toitemj € I,, and: <, j whenb doesnotstrictly
preferj toi. When=,, is atotal orderon I, we saythatb hasstrict prefeences

An item allocation L is a setof pairs (b,i), b € B, i € I, suchthat
eachbuyerb € B anditem+ € I appearsn at mostone pair of L. When
(b,i) € L we saythatb and: aremathedby L. We denoteby B(L) and

I(L) the setof buyers,respectrely items, that are matchedby L. For each



b € B(L) (i € I(L)) we denoteby L(b) (L(7)) the uniqueitem (buyer) to
which b (resp. 7) is matchedby L. Theallocationvalueof itemi € I(L) is
Vi (i) = v(L(5),1).

Definition 1 Anitemallocation L is stableif, for ead buyerb € B anditem

i € Iy, (b,7) ¢ L impliesthat L(b) < i or v(b,i) < v(L(3),1).

Stableallocationsare simultaneouslyfair to buyersandsellersin the fol-

lowing sense:

(1) A buyercannotcomplainthatshegot a lesspreferabletem (or no item
at all) sincemorepreferablaétemsweresoldfor a price higheror equal

to whatsheofferedfor them,and

(2) A sellercannotcomplainthatshegotlessmoney for anitem (or thatthe
item hasnot beensold) sinceevery buyer that bids a larger (resp. ary)

pricefor suchanitem getsa moreor equallypreferablatem.

Theorem 2 Stableitemallocationsalwaysexist.

Proof: A stableallocationcanbefoundby arbitrarily breakingtiesin buyer
preferenceandbid prices,andthenrunningthe Gale-Shaplg algorithm(Gale
and Shaplg, 1962)extendedto handleincompletelists (GusfieldandIrving,
1989;seeFigurel). Sincetheallocationcomputedoy the Gale-Shaplg algo-
rithm is stableunderthe strict preference®btainedafter breakingties, it will

alsobe stableundertheoriginal (non-strict)preferences. [

In generalan XOR-DABP admitsmorethanonestableallocation. In this
paperwe focus on the problem of finding stableallocationswith maximum

revenue formally definedasfollows:

Maximum Stable Allocation (MSA) Problem. Givenan instanceof XOR-

DABP, find a stableallocationL with maximumrevenue % V(7).
i€I(L)



1. Foreachi € I, L(i) «+ b, whereb is thebuyerthatbidsthelargestvalueoni

2. While thereexistitemsi, i’ € I s.t. L(i) = L(i') = bdo
If &' <y 4, thenswapi andi’

L(i") « b, whereb' is thebuyerthatbidsthenext largestvalueon i’

3. OutputallocationL

Figure 1. Selleroptimal Gale-Shaplg allocationalgorithm for strict prefer

ences<;, b € B, andnotiesin bid values.

An alternatve objectie is to find, if it exists, the stableallocationwith
maximum buyer satishction, i.e., the stableallocationin which eachbuyer
getsthe mostpreferabletem amongall itemsthat shecangetin a stableal-
locationWhenitemshave resene prices,anotherobjectve is finding a stable
allocationwith maximumtotal surplus, 3> (V(i) — r(i)), wherer(i) de-
notesthe resere price of itemi. Note tﬁéﬁ%e problemof maximizingtotal
surplusis notidenticalto MSA, sinceXOR-DABPsmay admitstableitem al-
locationsof differentcardinalitiegManlove etal.). (This contrastsheclassical
resultfor the StableMarriageandHospitals/Residentgroblemsthatall stable
matchingshave the samecardinalityandthe setsof matchedmen/womenare

the sameover all stablematchings).

Theorem 3 The MSA problemis NP-had under either one of the maximum
value or maximumsurplus objectives. The problemremainsNP-had even

whenall buyers havestrict prefeencespr whenall bid valuesare distinct.

Proof: Theprooffollows by areductionfrom the problemof finding a maxi-
mumcardinalitystablemarriagewith incompletepreferencdistsandties(Max-
Cardinality SMTI), which wasrecentlyproved to be NP-hardby (Manlove et
al.). Givenan instanceof Max-CardinalitySMTI, we constructan MSA in-

stanceasfollows: itemscorrespondo men,buyerscorrespondo womenwith
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the samepreferencdists, andthe value of the bid placedby buyerw on item
m is setto 1 + ke, wherek is therankof w in m’s preferencdist. For small
enoughe any maximumstableallocationfor the MSA instancegivesa maxi-
mum cardinalitystablemarriage.

The NP-hardnessf the restrictedcasesof MSA follows in the sameway
from theNP-hardnesef correspondinglyestrictedversionsof Max-Cardinality

SMTI (Manlove etal.). [

In thenext sectionwe will shav thatthe MSA problemis polynomial-time
solvablein the casewhentherearenotiesin bid valuesandbuyershave strict
preferencesin Section5 we will give anefficientalgorithmfor theimportant
specialof the MSA problemwhenall bidsthesamevalue,i.e.,finding a maxi-
mum cardinalitystableallocation. Anothercaseknown to be polynomial-time
solvableis whenbuyershave no preferences,e., XOR doubleauctions.In this
casefinding the MSA reducego computingthe maximum-weighinatchingin

abipartitegraphrepresentingll bids.

3 XOR-DABP without Ties

In this sectionwe considerthe casewhenthereareno tiesin bid valuesand
buyer preferences Note that we canalways breakties in an XOR-DABP by
giving preferenceo bids placedearlier In this case,stableallocationsfor
XOR-DABP correspondo stablematchingdn a stablemarriageinstancewith
incompletelists. Therefore all stableallocationsassignthe samesetof items
to thesamesetof buyers.Furthermorethelattice structureof stablematchings
(Gusfieldandlrving, 1989)impliesthe following two propertiesof maximum

stableallocations:

(1) Thereexistsa uniquestableallocation,calledthe selleroptimal alloca-
tion, which simultaneouslynaximizesthe total value andthe total sur
plus. Every item recevesunderthis allocationthe maximumprice over

all stableallocations.



(2) Thereexistsa uniguestableallocation,calledthe buyeroptimal alloca-
tion, with maximumbuyersatisaction. Underthis allocationeachbuyer
getsthemostpreferablatem amongall itemsthatshecangetin astable

allocation.

The stableallocationwith maximumvalue/surpluscan be computedef-
ficiently usingthe selleroptimal versionof the Gale-Shaplhg algorithmwith
incompletepreference¢GusfieldandIrving, 1989; seeFigurel). The stable
allocationwith maximumbuyer satishction canalsobe computedefficiently

usinga buyeroptimal versionof the algorithm. Thuswe have:

Theorem4 Whenthere are notiesin bid valuesand buyelis havestrict pref-
erencesthe MSAproblemfor XOR-DABP is polynomialtime solvableunder
either one of the maximumvalue/surplusor maximumbuyer satisfactionob-

jectives.

XOR auctionshave the attractve propertythatrevenuesincreasewith in-
creasingiumberof buyers.Unfortunatelyasshavn by thefollowing example,
whena new buyerjoins an XOR doubleauction,ary individual sellermay be
worseoff (eithermaygeta smallerpricefor heritem, or maynot sell theitem

atall).

Example 1. Consideran XOR doubleauctionin which two items,i; andis,
aresold by differentsellers. A buyer b; bids 2z — £ monetaryunits on item
11 and z monetaryunits on i5. In the absenceof ary other bids, item 4, is
allocatedto b,, for apriceof 2z — . If anotherbuyerb joins theauctionand
bidsz monetaryunitsoni;, the maximumvalueallocationwould assigni; to
by for apriceof x andiy to b; alsofor apriceof z. Thus,thevalueof i; goes

down from 2z — ¢ to x whenb, is addedo theauction. [ ]

We next prove that revenuemonotonicitystill holdsfor XOR-DABP. The
following lemma,which holdsfor eitheroneof thethreeMSA objectves,fol-

lows from Theoreml.4.3in (GusfieldandIrving, 1989):
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Lemmab5 Let L bethemaximunstableallocationfor an XOR-DABP andlet
L' bethemaximunstableallocationafter buyerb addsa new items to I, such

thatj <, iforj € Iy, j # 4. Then
(1) Foreveryitemi, vy (i) > vr(1).
(2) L'(b) <5 L(b)

Corollary 6 Addingnew buyers to an XOR-DABP cannotdeceasethe price

of anyallocateditem.

Thefollowing exampleshaws thatary individual buyer may be betteroff

by notrevealingall heracceptablalternatvesin an XOR auction.

Example 2. Consideran XOR auctionwith two itemsfor sale,i; andis.
Buyerb; considerdothi; andiy acceptablehoicesandassignghemavalue
of 2z — ¢, respectiely . However, b; prefersi; to i5. Buyerbs hasonly one
acceptablehoice,i;, andbids a value of z on it. Assumethatthereareno
otherbidsoni; andis. If b1 bidsonly onitemi, thenshegetsit for a price of
2z — e, while by, doesnt getarything. Onthe otherhand,if b; placeshebids
on both#; andis, the maximumvalueallocationwould assigni; to b, andis
to by, for a price of z each. By bidding on all her acceptablehoices bidder
b1 hasworsenederoutcome:sheendsup gettingherlast preferencealthough

herfirst choiceis soldfor half the price thatsheoffered. [

The following corollaryto Lemmab shaws that buyersare always better

off by revealingtheir completdlists of preferencegn anXOR-DABP.

Corollary 7 Regardlessof the bids of the other buyers, the beststratagy for
ead buyerin an XOR-DABP is to reveal truthfully (i.e., in the true order of

prefeence)all heracceptablechoices.
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4 Allocation Algorithms for XOR-DABP

4.1 Exact Solution Basedon Integer Linear Program

Below we give aninteger programformulation for the MSA problem. This
formulation can be usedwith available commercialMIP solers (e.g., Cplex
6.5) to computeoptimumsolutionsfor MSA instance®f moderatesize. The
integerprogramsetsthevariablexy; to 1if itemi is allocatedo buyerb, andto
0 otherwise.The constraintenforcethatevery itemis allocatedo at mostone
buyer (c1), thatevery buyer getsat mostoneitem (c2), andthatthe resulting

allocationis stable(c3).

max > > zuv(b,i)

beBi€lp
S.t. ooy <1, 1€l (Cl)
beBicl,
S < 1, be B (c2)
i€l
Z .’L‘b/ﬂ)(bl,i)
b eB:HEl,
Z’U(b,’l)(l— Z xbj)a bEBaiEIb (03)
J:J =t
.’L‘ME{O,I} be B,i €I

Remark: It is known thatthe constraintse;,; € {0, 1} becomeunnecessarin
casewhenthereareno ties,i.e.,the MSA is given by the solutionto alinear,
notinteger, program.This givesanothemroof thatthe problemis polynomial

time solvablein this case.

4.2 A GreedyTie-Breaking Heuristic for the MSA Problem

In this sectionwe suggesta practical heuristicfor the MSA problem. The
heuristicbreaksthe ties in buyer preferencesn non-increasingrder of bid
values(seeFigure 2). As shavn by (Manlove et al.), the ratio betweenthe
maximumandminimum cardinalityof a stableallocationis at mosttwo. This
immediatelygivesthe following upperboundon the approximationfactor of

the greedytie-breakingheuristic:
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1. Breaktiesin non-increasingrderof bid values(e.g.,amongbidsin atie, the

bid with largestvaluebecomesnostpreferable)
2. Breakremainingtiesarbitrarily

3. Find the selleroptimal stablematchingusingthe Gale-Shaplg algorithm(see

Figurel)

Figure2: The GreedyTie-BreakingHeuristicfor the MSA Problem

Theorem 8 Thegreedytie-breakingheuristichasan appoximationfactor of

at most2p, wheee p is theratio betweerthelargestandthesmallesbid values.

Thefollowing exampleshavs thattheapproximatiorguarante@stablished

in Theorem8 is tight up to a constanfactor

Example 3: Consideran XOR-DABP instancewith:
e B={b,by}
o I ={iy,io,i3}
e Bid values:v(by,i1) = L, v(b1,i2) = v(ba,i2) = €, v(be,i3) = 2¢
e Preferencesiy <y, i1; bo hasno preferencédetweeni; andis.

Then the maximum value stableallocationis {(b1,1%1), (b2,i2)}, with total
valueL+e¢. Thegreedytie-breakingheuristicbreakshetie suchthatiz <, 2,

andreturnsthe stableallocation{(b, i2), (b2, 43) }, with total value3e. |

4.3 Experimental Study of MSA Algorithms

In thissectionwereportpreliminaryexperimentakesultscomparinghegreedy
tie-breakingheuristicfor theMSA problemwith optimumresultscomputedis-

ing the MIP Solver from the Cplex 6.5 commercialoptimizationpackageand
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theinteger linear programformulationgivenin Section4.1. Our experiments
wererun on randomlygeneratedKOR-DABP instancesnodelingthe real es-
tateapplicationpresentedhn theintroduction.

Thegeneratofurtherallows the userto selectthe distribution of the num-
berof bidsperbuyerandthe methodusedto generatdiesin buyerpreferences.
More importantly the generatohasprovisionsfor generatingcOR-DABP in-
stancesvith astructurdikely to beencountereth practicalapplications Buy-
ersanditemsare partitionedinto a userspecifiednumberof classesandthe
usermay control what classef buyerscanbid on what classesf items, as
well ascontrol resere andbid valuedistributions at classgranularity These
parameterganbe usedto model,for example,differencesn item popularity
or buyerwealth.

Table 1 givesresultsfor the greedytie-breakingheuristicand the Cplex
MIP solveron XOR-DABP instancesvith 200—2000Gtemsdividedinto 3 classes,
200-800Muyersdividedinto 2 classesand800—-6400Mids. All resere prices

andbid surplusvaluesweregeneratedrom normaldistributions.

5 Weakly Stable Allocations

In this sectionwe introduceweakly stableallocationsfor XOR-ABPs,give an
efficient algorithmfor finding the maximumvalue weakly stableallocation,
andestablishconnectionsvith greedoictheory

Throughouthis sectionwe considetthatthereis a singleseller andhence
fairnesdo sellersreduceso maximizingthetotal value(or, alternatvely, total
surplusover resere prices)of solditems. An allocationis saidto be weakly
stableif, for ary buyerb, thereis no unallocatedtemthatb prefersto theitem
sheis allocated(in particular if b doesnot getary item, thenall itemswhich
shebidsfor mustbe allocatedto otherbuyers). With the notationsin Section

2, allocationL is weakly stableif

(1) Forary b€ B(L)andk € I — I(L) N I, L(b) <y k, and
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1. FindthemaximumunweightedmatchingM betweerbuyersanditems
2. Whilethereisb € B andi € I — M (I) suchthatM (b) > i do
3. Findanitem j whichis themostpreferablgtemfor bin I — M(I)

4.  Swapallocationof b, i.e., M < M — (b, M (b)) U (b, )

ol

. OutputM

Figure3: The SwappingAlgorithm for the MWSA problem.

(2) Foraryb e B — B(L), I, C I(L).

Maximum Weakly Stable Allocation (MWSA) Problem. Givenaninstance

of XOR-ABP, find aweaklystableallocationZ with maximumtotal value.

The complity of MWSA problemis open: we do not know if it is NP-
hard,andwe are not aware of a polynomialtime algorithmeither Note that
the maximummatchingdoesnot producea weakly stableallocationandthe
greedytie-breakingheuristicmay resultin an unboundecerror (seeExample
3). However, thereis a non-trivial caseof the MWSA problemfor which we
give an exact solution. If all the the bid valuesarethe same,the the MWSA
problemsasksto maximizethe numberof allocateditems. This problemcan
be solved efficiently by modifying a maximumunweightedmatchingbetween
buyers and items (seeFigure 3). In the next subsectionwe will shav that
weakly stableallocationsform a greedoid,this yields anotheralgorithm for

finding a weakly stableallocationwith maximumsize.

Theorem 9 TheSwappingAlgorithm(Figure 3) findsthemaximunsizeweakly

stableallocationfor XOR-ABP

Proof: We needto shav thatthe numberof iterationsin theloop 4 is polyno-

mially bounded.Indeed eachtime after performingsuchiteration,the buyerb
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improvesthe preferencef the allocateditem. Therefore,n total, the number

of iterationscannotexceedthe numberof bids. [ ]

Theorem9 implies that we can usethe SwappingAlgorithm to approxi-

matelysolve the MWSA problemfor weakly stableallocations.

Theorem 10 TheSwappingAlgorithmhasan apptoximationfactor of at most

p, wheee p is theratio betweerthelargestandthe smallestbid value

6 Greedoidsand Weakly Stable Allocations

In this subsectiorwe shav thatthe setweakly stableallocationsform a gree-
doid, which givesa moreefficientalgorithmfor finding a maximumsizestable
allocation.Wealsoshav thatthecorrespondingreedoidssocalledABP gree-
doids, do not have the exchangeproperty This implies (Korte, Lovasz,and
Schrader1991) that the maximumweight stableallocationcannotbe found
with agreedyalgorithm.

A setl € J(I) is calledfeasible Thefamily of independensetsin a ma-
troid satisfytheserequirementssoevery matroidis agreedoid.Onesignificant
differencebetweemmatroidsandgreedoidds thatevery subsebf anindepen-
dentsetis independenin a matroid,but a feasiblesetin a greedoidwill have

non-feasiblesubsetsn general.

Definition: A transvesal of afinite family B = {I;,... I} of subsetof a
finite setl isasetT C I for whichabijectionf : T — {1,...,n} existssuch

thati € Iy; forall i € T'. A partial transvesal is asubfmily of B.

Assumenow thateachl; = (I;, %;) hasapartialorderonits elementge.g.,
preferences)A stabletransvesal of B, is apartialtranswersalT of B suchthat
foraryi € T',if z <y(;) i, thenz € T'.

The following remarkestablisheghe connectionbetweenweakly stable

allocationsandstabletransersals.

Remark: LetI bethesetof itemsandI; bethesetof itemsfor which buyer
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1 placea bid. Thenthe bijection f of a stabletrans\ersalis a weakly stable
allocationandvice versa.
Definition: A greedoidon thegroundsetl is apair (I, J(I)) whereJis a

family of subset®f | satisfyingthefollowing two properties:

1. Foreverynon-emptyl € J, thereisanelement € I suchthatl —{i} €
J

2. ForI,K € Jwith | I |<| K |, thereis anelementt € K — I suchthat
ITU{k}edJ

Theorem 11 The set of all stabletransvesals T'(I) forms a greedoidwith

groundsetl.

Proof: Toshaw that(7,7T(I)) is agreedoidwe needto shav that
(i) Forary A € T(I), thereexistsa € A suchthatA — {a} € T'(I).

(i) Forary A, B € T(I) and|B| > |A|, thereis anelemen® € B — A such
thatA U {b} € T(I).

Proof of (i). Considerarbitraryelementay € A. If A — ag is notstablethen
thereis y; € M(A) suchthata; = M(y1) >, ag. Inductively, if A —a; 4
is not stable,thenthereis y; € M(A) suchthata; = M (y;) >y, a;—1, for
1 =1,2,.... SincethesetA is finite, thereshouldbe: suchthateither A — a;
is stableor a; = a; for somej < 1.

AssumehatM is apreferredstablematchingfor A. Considethematching
M’ coincidingwith M onall elementof A exceptay, k = 7, ..., 14, for which
M'(ay) = M(ag+1), k=35 +1,...,4,andM'(a;) = M(a;). Thematching

M' is morepreferablehan M, therefore M is not preferred.

Proofof (ii). Let A, B € T'(I) and|B| > |A

for B andlet M beastablematchingfor A with theminimum|M’ — M|. Since

, andlet M' bea stablematching
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|B| > |A|, thereexistsy € M'(B) — M(A). Wefirst prove thatthereexists
b € B — A suchthatb <, M'(y).

Indeed, let us assumethat on the contrary for ary b € B — A, b >,
M'(y). ThenM'(y) € B N A andthe matchingM” = M U (M'(y),y) —
(M'(y), M(M'(y))) is stable.Indeed/forary z € E — A, eitherc € B— A
andM'(y) <y, zorz € E — BandM'(y) <, =z sinceB is stable. Since
|IM' — M"| = |M' — M| — 1, we have a contradictiorwith the choiceof M.

Now assumehatb € B — A is the bestw.r.t. ¥ amongall elementsn
B — A. We will shav that A U {b} is stablesince M U {(b,y)} is stable.
Indeedforary z € E — A — b, eitherz € B — A andb <, z by thechoiceof

borz € E— Bandb <, M'(y) <, « sinceB is stable. n

Let us refer to greedoids(Z,T'(I)) as greedoidsfor XOR auctionswith
buyer prefeences(ABP greedoids).The greedyalgorithmfor finding a max-
imum size feasiblesetin a greedoidstartswith an empty setandthenitera-
tively addsnewn elementskeepingthe setfeasibleuntil no moreelementscan
beadded.If we applythe greedyalgorithmto the ABP greedoidthenwe will
find a maximumsize stabletrans\ersal, and, as remarled above, this corre-

spondgo a maximumsizeweakly stableallocation.

Theorem 12 Thegreedyalgorithmfor the ABPgreedoidfindsa maximunsize

weaklystableallocationfor the correspondingKxOR-ABP

If we assignweightsto the elementsof a greedoid,then,in general,the
greedyalgorithmdoesnot find a maximumweightfeasiblesubset.In (Korte,
Lovasz,andSchrader1991)it is proved that the greedyalgorithmworks for
weightsif it hasthefollowing exchangeproperty:if 71, T» € T'(I) areary two
basesand| 71 |=| T» |, thenfor ary z € T} thereexistsy € T» — T suchthat
T1\{z}U{y} is afeasibletrans\ersal.However, thisis notthecasefor a ABP

greedoidasseenfrom thefollowing example.

Example4: ConsiderasetH = {hi, ha, h3, ha, hs, he} With the total order

hs = hg = hy = h1 = hg =% hyg. A family of subsetsover H asB =
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Figure4: An ABP greedoidwhich doesnot have exchangeproperty

{B1, B3, Bs, B4} whereBy = {ha,h1}; By = {ho, hs}; B3 = {hs,hs, ha};
By = {hs, hg} (seeFigure4).

Consideratrans\ersalbasel’ = {(hz, B1), (h3, B2), (ha, Bs), (hs, Ba)}.
Consideanothetransersalbasely = {(h1, B1), (ha, B2), (hs, B3), (hs, B4)}.
Now | T'1 |=| T2 |. Therefore by the exchangeproperty for every h; € T3,
thereexistsah; € Ty - T, suchthatT; - {h;} + {h;} is afeasibletrans\ersal.

But for hg € T1, thereexistsno elementin Ty thatsatisfieghisproperty =

7 XOR Auctionswith Seller Priorities

In this sectionwe introduceXOR auctionwith sellerpriorities,give algorithms
for finding a maximumfeasibleallocation,and, finally, describeconnections
with greedoids.

In an XOR auction with seller priorities (XOR-ASP), the seller assigns
priorities to the itemsfor sale. We write ¢ < j to denotethe fact that the
priority of 7 is higherthanthatof j, and: < j if ¢ < j andj £ i. We saythat
sellerprioritiesarestrict (respectrely total) if for ary two items: andy, either
i < jorj < i(respectiely, eitheri < j orj < 4). AnitemallocationL is
feasibleif for everytwo items: andj, i < j, 7 € I(L) impliesi € I(L), i.e.,

L allocatesanitem only if all itemswith higherprioritiesarealsoallocated.

Maximum FeasibleAllocation (MFA) Problem. Givenaninstanceof XOR-

ASP find anallocation. maximizingthetotal value/surplus.

Clearly the maximumfeasibleallocationcannotbe worsethanan alloca-
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1. Constructthe bipartitegraphG = (B U I, E, w) where(b,i) € E iff

buyerb bidsonitem, andtheweightw(b, 7) is thevalueof this bid
2. Letiy,. .., betheitemsT sortedby decreasingriority

3. Fork =1,...,|I|,find,if it exists,amaximum-weighperfectmatching

M; in thesubgraplGy, of G inducedby B U {i1, ..., i}

4. OutputthematchingM; with maximumweight

Figure5: ThelteratedPerfectMatchingAlgorithm for the MFA Problem.

tion implied by the sequencef auctions eachfor a singleitem, orderedwith
respecto priorities. Thefollowing exampleshaws that,in general the oppo-
site is not true, i.e., the seller may be strictly betteroff usingan XOR-ASP

ratherthana sequencef simpleauctions.

Example 5C: onsidera sellerauctioningitemsiy, 45 with a priority of selling
item 4, beforeis i.e., i1 < io. Assumethatbuyer b; bids a valueof x on i,
andof y oniy andbuyer b, bidsavalueof x — € oni;. If thetwo itemsare
soldin a seriesof auctionsin decreasingrderof priority, i, is allocatedto b;
while 79 is not sold. Thetotal valueof the solditemsis z. Onthe otherhand,
if thetwo itemsaresoldin an XOR-ASP item i, is allocatedto b, anditem i,

is allocatedto by, with atotal valueof z + y — ¢. [ ]

Theorem 13 The lterated Perfect Matching Algorithm (Figure 5) finds the
maximunfeasibleallocationfor theauctionwith strict sellerpriorities in O(|I|-
Tprm(n,m)) timg whee Tpas(n, m) is the time neededo computea maxi-
mumweightperfectmatdingin a bipartite graphwith n = | B| + |I| vertices

andm = #bids edeges.

Remark: Thestatusof the MFA problemfor auctionswith total sellerprior-
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itiesis open.

7.1 Greedoidsand Seller Priorities

LetZ = {Bx,...,B,} beafinite family of subset®f afinite setB. Let < be
astrictorderonZ, i.e., By < By < ... < B,. A partialtrans\ersalT of Z
is calledafeasibletrans\ersalif it trans\ersesa subfmily {By, ..., By}, for

somek < n.

Remark: Let B bethesetof buyersandB; bethesubsebf buyerswhich bid
for theitems € I. Thenthe bijection f of a feasibletrans\ersalis a feasible
allocationandvice versa.

Example2.14from (Korte,Lovasz,andSchraderl991)describesocalled
medieal marriage greedoidsin whichfeasiblesetsareexactlyfeasibletrans\er-

sals.Thisimpliesthefollowing result.

Theorem 14 Thesetof all feasibletransvesalsT'(B) formsa Gaussiargree-

doid (B, T(B)).

We will referto thesegreedoidsasgreedoidsfor auctionswith seller pri-

orities (ASP greedoids).

Theorem 15 (Korte, Lovasz,and Sctrader 1991)ASPgreedoidshavethe ex-
change property

Thisresultimpliesthatthe greedyalgorithmsolvesexactly the MFA prob-

lemin casewhenall bidsfrom the samebidderhasthe samevalue.
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#items| #buyers| #bids || Greedval. | CPUsec.| Cplex MIP val.| CPUsec,|| Gap
200 | 200 | 800 || 75128257 0.03 78576249 2.46 || 4.39%
200 200 | 1600 (| 74325339 0.06 84054224 285.45 || 11.57%
200 | 400 | 1600 || 88942384 0.08 89066527 0.93 || 0.14%
200 400 | 3200 89499018 0.17 89589954 421 0.10%
200 | 800 | 3200 || 90892284 0.27 90916681 1.83 || 0.03%
200 800 | 6400 (| 91123664 0.55 91140024 11.86 || 0.02%
500 | 500 | 2000 || 182720456 0.15 200382640 20 8.81%
500 500 | 4000 (|188462442 0.3 213948423 | 1568.62|/11.91%
500 | 1000 | 4000 ||221822991 0.48 223916856 | 5.61 || 0.94%
500 | 1000 | 8000 || 224921119 0.91 225496946 19.89 || 0.26%
500 | 2000 | 8000 ||223311871 1.68 223415781 | 11.47 || 0.05%
500 | 2000 |16000|[ 223996921 3.42 224104530 21.1 0.05%
1000 | 1000 | 4000 (| 377607773 0.6 411979940 | 84.85 || 8.34%
1000 | 1000 | 8000 || 383358512 1.2 N.A. N.A. N.A.
1000 | 2000 | 8000 || 436211164 1.95 442829836 16.41 || 1.49%
1000 | 2000 |16000j| 445455065 3.94 446120926 | 76.57 || 0.15%
1000 | 4000 |16000[ 450705268 6.67 450921237 | 28.81 || 0.05%
1000 | 4000 |32000||452143070 13.45 452334922 | 108.5 || 0.04%

2000 | 2000 | 8000 || 750054567 2.61 N.A. N.A. N.A.
2000 | 2000 |16000|| 778591088 5.21 N.A. N.A. N.A.
2000 | 4000 |16000| 885838136 7.92 N.A. N.A. N.A.
2000 | 4000 |32000|| 897567709 15.92 N.A. N.A. N.A.
2000 | 8000 |32000||891690542 26.13 N.A. N.A. N.A.
2000 | 8000 |64000|| 894947694 52.63 N.A. N.A. N.A.

Tablel: Resultdor thegreedytie-breakingheuristicandthe Cplex MIP solver

on XOR-DABP instancesvith normaldistributedresene pricesandbid values.
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