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Abstract. Auctions and exchangesare one of the most importantmarket

mechanismsfor pricedeterminationandallocationof goods.In this paperwe

considerthecasewheneachbuyer hasa limited budgetandwishesto buy at

mostoneitem in multi-item auctions.We show the limitationsof two known

mechanisms– sequenceof single-itemauctionsandrecentlyintroducedXOR

doubleauctions–andintroduceanew mechanism,socalledXOR(double)auc-

tion with buyerpreferences(XOR-(D)ABP),whichavoidstheselimitations.

In the proposedmechanismbuyersspecify preferenceson the items on

which they bid. Weseekallocationsof theitemsto thebuyerswhicharestable

with respectto buyer’s preferences,i.e., itemswhicharepreferableto theitem

allocatedto a buyeraresoldfor a pricehigheror equalto whatsheofferedfor

them.In thecaseof doubleauctions,theallocationshouldalsoensurefairness

to thesellers:if an item received a bid with a highervaluethantheallocated�
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pricethenthebuyerwhoplacedthatbid getsamoreor equallypreferableitem.

Wefirst show thatin anXOR auctionwith no tiesin buyerpreferencesandbid

valuesbothbuyersandsellersarebetteroff thanin anXOR auction.Second,

we show that finding stableallocationswith maximumrevenueor buyer sat-

isfactioncanbe doneefficiently in an XOR-DABP without ties, andthat the

problemis NP-hardproblemwhenties areallowed. We proposea practical

heuristicfor findingmaximumstableallocationsin thepresenceof ties,andre-

port promisingexperimentalresults.Third, we considerthespecialcasewhen

all bidsfor anitemhavethesamevalueandgiveanefficientalgorithmbasedon

maximumbipartitematching.Wealsoshow thatin thiscasestableallocations

form a greedoid.

We alsoproposea new mechanism,so calledan XORauctionwith seller

priorities (XOR-ASP),in which thesellerassignsa priority to eachitem, and

seeksallocationsin which any item is allocatedonly if all itemswith higher

prioritiesarealsoallocated.Weshow thattheselleris betteroff usinganXOR-

ASPratherthanaseriesof simpleauctions,andgive anefficient algorithmfor

findingafeasibleallocationwith maximumvalue/surplus,basedonmaximum-

weightperfectmatchings.Feasibleallocationsform a Gaussiangreedoid,and

thereforethemaximumvalue/surplusallocationcanbe foundeven moreeffi-

cientlywhenevery buyerbidsthesamevalueonall acceptableitems.

1 Intr oduction

Auctionsandexchangesareoneof themostimportantmarket mechanismsfor

pricedeterminationandallocationof goods.They arebecomingevenmoreim-

portantastheInternetcreatestheopportunityfor anincreasingnumberof con-

sumersandbusinessesto participate.Traditionalauctionandexchangeformats

(EnglishandDutchauctions,stockexchanges,etc.) allow theparticipantsto

bid for asingleitemata time. Recentresearchoncombinatorialauctions(An-

dersson,Tenhunen,andYgge,2000;Fujishima,Leyton-Brown, andShoham,
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1999; Lehmann,O’Callaghan,and Shoham,1999; Nisan, 2000; Rothkopf,

Pekec,andHarstad,1998;Sandholm,1999;SandholmandSuri,2000)hasat-

temptedto extendtraditionalauctionformatsby allowing bids on bundlesof

items.Anotherattractive featureof combinatorialauctionsis thepossibilityto

placemultiple mutuallyexclusive (XOR) bidswhich moreaccuratelyexpress

buyer’s truevaluationsandleadto moreefficient itemallocationscomparedto

sequentialauctions(Nisan,2000;SandholmandSuri,2000).Unfortunately, in

combinatorialauctionsbuyerscannotexpressany preferencesinducedby their

limited budget.

Considerfor examplea sealed-bidsingle-roundauctionin which oneor

multiplebuildersoffer for saleseveralhouses.Eachbuyeris interestedin buy-

ing a singlehousefrom a setof acceptablechoices.Eachbuyer � hasits own

privatevalue,��
������������������ � , for eachhouse� . A buyerwith unlimitedbudget

will simplyplacemutuallyexclusive bids,onefor eachacceptablehouse,with

bid valueschosenso asto equalizebuyerutility. Thesituationis drastically

changedin presenceof budgetconstraints.Notethatfor realestatethebudget

limit mayalsodependon thehouseappraisalvalue,i.e., a buyer � mayhave a

differentbudget �"!$#&%��'�(������� � for eachhouse� . In this casethebuyer canno

longerassignbid valuesthat would make all choicesequallyacceptable.In-

deed,assumethat � is interestedin buying oneof two houses,�*) and �,+ , such

that

��
������������������*)-�/.0�"! #&%1�-�-���2���3)-�546� 
7�8�9�9�:�9���2����+��;.<�"! #=%��-�-�������,+��>4@?
In a secondprice auctiona rationalbuyer shouldbid the maximumpossible

valuefor eachhouse,i.e., �"! #&%1�-�-���2���,AB� for thehouse�CA , �5DFE���G . Theutility

derived by � , ��
����9�9�����������CAB�5.@�"! #=%��-�-�������CAH� , is larger when � wins house�*)
ratherthan �,+ . Therefore,it maybebetterto bid for �*) only, anddonobid for

�,+ .
This impliesthatthelimited budgetforcesabuyerto preferonehouseover

another. If abuyerwouldplaceXOR bidsonherchoices,currentcombinatorial

auctionmechanismswill probablyforceher to buy oneof themostexpensive
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housesonherlist, regardlessof hersurplusfor thathouse.In fact,shemayend

up with the leastpreferablehouse,i.e., housethat give her the leastsurplus.

Whenthis is thecase,buyersmaybebetteroff by notbiddingonall acceptable

choices,see,e.g.,Example2. To encouragebuyersto accuratelyexpresstheir

wishesvia XOR bids,themechanismfor determiningthewinning bidsshould

take into accountbuyer’s preferencesbetweenXOR bids.

The revenueof the auction(for eachitem separately)would increaseif

more bids are placed. Thereforeit is in the auctioneerintereststo let each

buyerto placebidsin theorderpreferableby thisbuyer. Indeed,if theorderis

changedthentherationalbuyer’s behavior is not to bid for itemswhichwill be

soldbeforetheitemwhichgivesthemostgainfor thebuyer.

In thispaperwegivewinnerdeterminationalgorithmswhichobservebuyer’s

preferencesfor somerestrictedtypesof combinatorialauctions.In our setting

eachbuyerwantsto buy asingleitem. Togetherwith bid valuesbuyersspecify

preferences(possiblyincludingties)on theitemson which they bid. We seek

allocationsof the items to the buyersthat arestablewith respectto buyer’s

preferencesin the sensethat itemswhich arepreferableto the item allocated

to a buyeraresoldfor a pricehigheror equalto whatsheofferedfor them.In

the caseof doubleauctions,the allocationshouldalsoensurefairnessto the

sellers: if an item received a bid with a highervaluethanthe allocatedprice

thenthebuyerwhoplacedthatbid getsa moreor equallypreferableitem.

Thestableitemallocationscanbechosenaccordingto oneof thefollowing

objectives.

I MaximumRevenue/Surplus:find astableallocationmaximizingthesum

of pricespaid by the buyers,or the sum of pricespaid by the buyers

minusthesumof reserve pricesfor thesolditems.

I MaximumBuyerSatisfaction:find, if it exists, the stableallocationin

whicheachbuyergetsthemostpreferableitem amongall itemsthatshe

cangetin a stableallocation.
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Finding thestableallocationswith eitherthemaximumtotal value/surplusor

maximumbuyer satisfactioncanbe doneefficiently whenthereareno ties in

buyerpreferencesandbid values.As soonasbuyershave ties in their prefer-

ences,i.e., if they do notdifferentiatebetweentwo or moreitemsthatthey bid

on,or if thebid valueshave ties,i.e., two buyershappento bid thesamevalue

on thesameitem, stableallocationswith maximumbuyer preferencemayno

longerexist, andfinding a stableallocationwith maximumvalue/surplusbe-

comesNP-hard.

Wefurtherconsidertheimportantspecialcaseof XOR auctionswith buyer

preferencesin which all bids for an item have the samevalue. This models,

e.g., the situationin which the partiesinvolved do not assignbid values,but

only expressinterestin startingbilateralnegotiations.For example,considera

governmentagency having a certainnumberof projects.Variousindependent

contractorsbid on theseprojects,eachgiving herpartial orderof preferences

for projectsthatshebidson. Theobjective of theagency is to assignthemax-

imum numberof theseprojectsto variouscontractorswith a constraintthat

a contractoris assigneda project that is lesspreferableto her only whenall

projectsmorepreferableto herareassignedto someoneelse.

In this casethestability conditionbecomesweaker: buyersareguaranteed

to get the most preferableitem amongthosenot taken by others. We show

that stableallocationsform a greedoidwhen the seller doesnot distinguish

betweenitems,e.g.,all itemshave thesamereserveprice.This impliesthatthe

maximumsizestableallocationcanbecomputedefficiently.

In an XOR auction with seller priorities (XOR-ASP), the seller assigns

a priority to eachitem, andseeksallocationsin which any item is allocated

only if all items with higherpriorities arealso allocated. We show that the

selleris betteroff usinganXOR-ASPratherthana seriesof simpleauctions,

andgive anefficientalgorithmfor finding a feasibleallocationwith maximum

value/surplus,basedon maximum-weightperfectmatchings. Feasibleallo-

cationsform a Gaussiangreedoid,andthereforethe maximumvalue/surplus
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allocationcanbefoundevenmoreefficiently whenevery buyerbidsthesame

valueon all acceptableitems.

The paperis organizedas follows. In the next sectionwe introducethe

maximumstableallocation(MSA) problemfor XOR-DABP. In Section3 we

show theadvantagesof XOR-DABP without tiesover XOR doubleauctions.

Then,in Section4, we give practicalexact andapproximationalgorithmsfor

theMSA problem,andreportpromisingexperimentalresults.In Section5 we

studyweaklystableallocationsfor XOR-ABPsandgiveanefficientalgorithm

for finding maximumsize weakly stableallocations. In Section6 we show

that weakly stableallocationsform a greedoid,andinvestigateits properties.

Finally, in Section7,weformally introduceXOR-ASP, compareit with aseries

of simpleauctions,andgiveefficientalgorithmsfor findingfeasibleallocations

with maximumvalueor surplus.

2 XOR DoubleAuctions with Buyer Preferences

In this sectionwe introduceXOR doubleauctionswith buyerpreferencesand

definestableallocationsfor them.ConsideranXOR doubleauctionwith a set
J

of buyersanda set K of itemsfor sale.Eachbuyer � is interestedin buying

a singleitem from a subsetK-L of K . We assumethat buyer � placesmutually

exclusive bids on the items in K-L . The valueofferedby � for item �NMOK-L is

denotedby �$�������H� .
In an XORDoubleAuction with BuyerPreferences(XOR-DABP), buyers

have preferencesfor theitemson which they bid. Wewrite �5PQL3R whenbuyer

� strictly prefersitem �SMTK-L to item RNMTK-L , and �SUQL3R when � doesnotstrictly

preferR to � . When PQL is atotalorderon K-L wesaythat � hasstrict preferences.

An item allocation V is a set of pairs �������H� , �WM J
, �<MFK-L , suchthat

eachbuyer �XM J
and item �YMOK appearsin at mostonepair of V . When

�������H�ZM[V we say that � and � arematchedby V . We denoteby
J �\V5� and

K �\V>� the setof buyers,respectively items, that arematchedby V . For each
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�XM J �\V5� ( �]M^K �\V>� ) we denoteby V_���(� ( V`�a�H� ) the uniqueitem (buyer) to

which � (resp. � ) is matchedby V . The allocation valueof item �bM@K$�\V5� is
c�d �a�H�eDf�$�\V`�a�:�"���H� .

Definition 1 An itemallocation V is stableif, for each buyer �gM J
anditem

�hM]K-L , �������H�biMTV impliesthat V`���-�>UQL/� or �$�������H�Qjk�$�\V_�a�H�"���H� .

Stableallocationsaresimultaneouslyfair to buyersandsellersin the fol-

lowing sense:

(1) A buyercannotcomplainthatshegot a lesspreferableitem (or no item

at all) sincemorepreferableitemsweresold for a pricehigheror equal

to whatsheofferedfor them,and

(2) A sellercannotcomplainthatshegot lessmoney for anitem(or thatthe

item hasnot beensold) sinceevery buyer thatbids a larger (resp. any)

pricefor suchanitem getsamoreor equallypreferableitem.

Theorem 2 Stableitemallocationsalwaysexist.

Proof: A stableallocationcanbefoundby arbitrarily breakingties in buyer

preferencesandbid prices,andthenrunningtheGale-Shapley algorithm(Gale

andShapley, 1962)extendedto handleincompletelists (GusfieldandIrving,

1989;seeFigure1). Sincetheallocationcomputedby theGale-Shapley algo-

rithm is stableunderthestrict preferencesobtainedafterbreakingties, it will

alsobestableundertheoriginal (non-strict)preferences.

In general,anXOR-DABP admitsmorethanonestableallocation.In this

paperwe focus on the problemof finding stableallocationswith maximum

revenue,formally definedasfollows:

Maximum Stable Allocation (MSA) Problem. Given an instanceof XOR-

DABP, find astableallocation V with maximumrevenue lAam7n(o d�p
c�d �a�H� .
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1. For eachqsrgt , uSvwq�x*y{z , where z is thebuyerthatbidsthelargestvalueon q
2. While thereexist items q:|8q�}1r~t s.t. uSvwq�x��XuSvwq�}�x���z do

If q�}C�S�*q , thenswap q and q�}
uSvwq�}�x�y�z�} , where z�} is thebuyerthatbidsthenext largestvalueon q�}

3. Outputallocationu

Figure 1: Seller-optimal Gale-Shapley allocationalgorithm for strict prefer-

encesPQL , �_M J
, andno tiesin bid values.

An alternative objective is to find, if it exists, the stableallocationwith

maximumbuyer satisfaction, i.e., the stableallocation in which eachbuyer

getsthe mostpreferableitem amongall itemsthat shecanget in a stableal-

locationWhenitemshave reserve prices,anotherobjective is finding a stable

allocationwith maximumtotal surplus, lAam�n(o d1p �
c d �a�H��.�
C�a�:��� , where 
,�a�H� de-

notesthe reserve price of item � . Note that the problemof maximizingtotal

surplusis not identicalto MSA, sinceXOR-DABPsmayadmitstableitem al-

locationsof differentcardinalities(Manloveetal.). (Thiscontraststheclassical

resultfor theStableMarriageandHospitals/Residentsproblemsthatall stable

matchingshave thesamecardinalityandthesetsof matchedmen/womenare

thesameover all stablematchings).

Theorem 3 TheMSAproblemis NP-hard undereither oneof the maximum

value or maximumsurplusobjectives. The problemremainsNP-hard even

whenall buyers havestrict preferences,or whenall bid valuesare distinct.

Proof: Theproof follows by a reductionfrom theproblemof findingamaxi-

mumcardinalitystablemarriagewith incompletepreferencelistsandties(Max-

CardinalitySMTI), which wasrecentlyproved to beNP-hardby (Manlove et

al.). Given an instanceof Max-CardinalitySMTI, we constructan MSA in-

stanceasfollows: itemscorrespondto men,buyerscorrespondto womenwith
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thesamepreferencelists, andthevalueof thebid placedby buyer � on item

� is setto E>�W�1� , where � is therankof � in � ’s preferencelist. For small

enough� any maximumstableallocationfor theMSA instancegivesa maxi-

mumcardinalitystablemarriage.

TheNP-hardnessof the restrictedcasesof MSA follows in thesameway

fromtheNP-hardnessof correspondinglyrestrictedversionsof Max-Cardinality

SMTI (Manlove et al.).

In thenext sectionwewill show thattheMSA problemis polynomial-time

solvablein thecasewhenthereareno ties in bid valuesandbuyershave strict

preferences.In Section5 we will give anefficient algorithmfor theimportant

specialof theMSA problemwhenall bidsthesamevalue,i.e.,findingamaxi-

mumcardinalitystableallocation.Anothercaseknown to bepolynomial-time

solvableis whenbuyershavenopreferences,i.e.,XOR doubleauctions.In this

casefinding theMSA reducesto computingthemaximum-weightmatchingin

abipartitegraphrepresentingall bids.

3 XOR-DABP without Ties

In this sectionwe considerthe casewhenthereareno ties in bid valuesand

buyer preferences.Note that we canalwaysbreakties in an XOR-DABP by

giving preferenceto bids placedearlier. In this case,stableallocationsfor

XOR-DABP correspondto stablematchingsin astablemarriageinstancewith

incompletelists. Therefore,all stableallocationsassignthesamesetof items

to thesamesetof buyers.Furthermore,thelatticestructureof stablematchings

(GusfieldandIrving, 1989)impliesthefollowing two propertiesof maximum

stableallocations:

(1) Thereexistsa uniquestableallocation,calledtheseller-optimal alloca-

tion, which simultaneouslymaximizesthe total valueandthe total sur-

plus. Every item receivesunderthis allocationthemaximumpriceover

all stableallocations.
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(2) Thereexistsa uniquestableallocation,calledthebuyer-optimal alloca-

tion, with maximumbuyersatisfaction.Underthisallocationeachbuyer

getsthemostpreferableitemamongall itemsthatshecangetin astable

allocation.

The stableallocationwith maximumvalue/surpluscan be computedef-

ficiently usingthe seller-optimal versionof the Gale-Shapley algorithmwith

incompletepreferences(GusfieldandIrving, 1989;seeFigure1). Thestable

allocationwith maximumbuyer satisfactioncanalsobe computedefficiently

usingabuyer-optimalversionof thealgorithm.Thuswe have:

Theorem 4 Whenthere are no ties in bid valuesandbuyers havestrict pref-

erences,the MSAproblemfor XOR-DABPis polynomialtime solvableunder

either oneof the maximumvalue/surplusor maximumbuyer satisfactionob-

jectives.

XOR auctionshave theattractive propertythat revenuesincreasewith in-

creasingnumberof buyers.Unfortunately, asshown by thefollowing example,

whena new buyer joins anXOR doubleauction,any individual sellermaybe

worseoff (eithermaygeta smallerpricefor heritem,or maynot sell theitem

atall).

Example 1: ConsideranXOR doubleauctionin which two items, ��) and �B+ ,
aresold by differentsellers. A buyer �2) bids G7�6.k� monetaryunits on item

��) and � monetaryunits on �8+ . In the absenceof any other bids, item ��) is

allocatedto �2) , for a priceof G7��.0� . If anotherbuyer ��+ joins theauctionand

bids � monetaryunitson � ) , themaximumvalueallocationwould assign� ) to

� + for a priceof � and � + to � ) alsofor a priceof � . Thus,thevalueof � ) goes

down from G7��.X� to � when �"+ is addedto theauction.

We next prove that revenuemonotonicitystill holdsfor XOR-DABP. The

following lemma,which holdsfor eitheroneof thethreeMSA objectives,fol-

lows from Theorem1.4.3in (GusfieldandIrving, 1989):
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Lemma 5 Let V bethemaximumstableallocationfor an XOR-DABP, andlet

Ve� bethemaximumstableallocationafterbuyer � addsa new item � to K-L such

that R�P�L�� for RNMTK-L , R��Df� . Then

(1) For everyitem � , � d9� �a�H�>�@� d �a�H� .

(2) VS�\���-�>P�L�V`���-�

Corollary 6 Addingnew buyers to an XOR-DABPcannotdecreasetheprice

of anyallocateditem.

Thefollowing exampleshows thatany individual buyermaybebetteroff

by not revealingall heracceptablealternativesin anXOR auction.

Example 2: Consideran XOR auctionwith two items for sale, ��) and �B+ .
Buyer �2) considersboth ��) and �8+ acceptablechoices,andassignsthemavalue

of G7�].0� , respectively � . However, �2) prefers��) to �8+ . Buyer ��+ hasonly one

acceptablechoice, ��) , andbids a valueof � on it. Assumethat thereareno

otherbidson ��) and �B+ . If �2) bidsonly on item ��) thenshegetsit for apriceof

G7�].<� , while � + doesn’t getanything. On theotherhand,if � ) placesthebids

on both ��) and �8+ , themaximumvalueallocationwould assign��) to ��+ and �8+
to �2) , for a price of � each.By bidding on all heracceptablechoices,bidder

�2) hasworsenedheroutcome:sheendsupgettingherlastpreferencealthough

herfirst choiceis soldfor half thepricethatsheoffered.

The following corollary to Lemma5 shows that buyersarealwaysbetter

off by revealingtheir completelistsof preferencesin anXOR-DABP.

Corollary 7 Regardlessof the bids of the other buyers, the beststrategy for

each buyer in an XOR-DABP is to reveal truthfully (i.e., in the true order of

preference)all heracceptablechoices.
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4 Allocation Algorithms for XOR-DABP

4.1 Exact Solution Basedon Integer Linear Program

Below we give an integer programformulation for the MSA problem. This

formulationcanbe usedwith availablecommercialMIP solvers (e.g.,Cplex

6.5) to computeoptimumsolutionsfor MSA instancesof moderatesize. The

integerprogramsetsthevariable� L A to 1 if item � is allocatedto buyer � , andto

0 otherwise.Theconstraintsenforcethatevery itemis allocatedto atmostone

buyer (c1), thatevery buyer getsat mostoneitem (c2), andthat the resulting

allocationis stable(c3).

max lL m&� lAam7n8� � L A �$�������H�
s.t. lL m&�/� Aam7n�� � L A j�E�� �hMTK �\��E2�

lAam7n8� � L A j�E�� �_M J �\�-G=�
lL � m��/� Aam�n � � �$L

� A �$���"�\���H�
�k�$�������H�(�:E_. l  �  -¡ �aA � L   �"���_M J ���SM�K-L �\�-¢=�

�$L A MX£2?1�'E7¤ �_M J ���SM�K-L
Remark: It is known thattheconstraints� L A M0£2?1�'E7¤ becomeunnecessaryin

casewhenthereareno ties, i.e., theMSA is givenby thesolutionto a linear,

not integer, program.This givesanotherproof that theproblemis polynomial

timesolvablein thiscase.

4.2 A GreedyTie-Breaking Heuristic for the MSA Problem

In this sectionwe suggesta practicalheuristic for the MSA problem. The

heuristicbreaksthe ties in buyer preferencesin non-increasingorder of bid

values(seeFigure2). As shown by (Manlove et al.), the ratio betweenthe

maximumandminimumcardinalityof a stableallocationis at mosttwo. This

immediatelygivesthe following upper-boundon the approximationfactorof

thegreedytie-breakingheuristic:
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1. Breakties in non-increasingorderof bid values(e.g.,amongbids in a tie, the

bid with largestvaluebecomesmostpreferable)

2. Breakremainingtiesarbitrarily

3. Find theseller-optimalstablematchingusingtheGale-Shapley algorithm(see

Figure1)

Figure2: TheGreedyTie-BreakingHeuristicfor theMSA Problem

Theorem 8 Thegreedytie-breakingheuristichasan approximationfactor of

at mostG7¥ , where ¥ is theratio betweenthelargestandthesmallestbid values.

Thefollowing exampleshowsthattheapproximationguaranteeestablished

in Theorem8 is tight up to a constantfactor.

Example3: ConsideranXOR-DABP instancewith:

I J DO£��2)'����+7¤
I K~DO£'��)'���B+����8¦7¤
I Bid values: �$���2)'����)��SDfV , �*���')'���B+2�eD§�$����+����8+2�SDf� , �*����+����8¦2��D¨G��
I Preferences:�8+©PQLHª���) ; ��+ hasno preferencebetween�8+ and �B¦ .

Then the maximum value stableallocation is £9��� ) ��� ) �"�2��� + ��� + ��¤ , with total

value V`�«� . Thegreedytie-breakingheuristicbreaksthetie suchthat �8¦©P�L�¬S�B+ ,
andreturnsthestableallocation £9���2)'���8+2�"�2����+&���8¦2��¤ , with total value ¢�� .

4.3 Experimental Study of MSA Algorithms

In thissectionwereportpreliminaryexperimentalresultscomparingthegreedy

tie-breakingheuristicfor theMSA problemwith optimumresultscomputedus-

ing theMIP Solver from theCplex 6.5 commercialoptimizationpackageand
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the integer linearprogramformulationgiven in Section4.1. Our experiments

wererun on randomlygeneratedXOR-DABP instancesmodelingthe reales-

tateapplicationpresentedin theintroduction.

Thegeneratorfurtherallows theuserto selectthedistribution of thenum-

berof bidsperbuyerandthemethodusedto generatetiesin buyerpreferences.

More importantly, thegeneratorhasprovisionsfor generatingXOR-DABP in-

stanceswith astructurelikely to beencounteredin practicalapplications.Buy-

ersanditemsarepartitionedinto a userspecifiednumberof classes,andthe

usermay control what classesof buyerscanbid on what classesof items,as

well ascontrol reserve andbid valuedistributionsat classgranularity. These

parameterscanbeusedto model,for example,differencesin item popularity

or buyerwealth.

Table1 gives resultsfor the greedytie-breakingheuristicand the Cplex

MIP solveronXOR-DABPinstanceswith 200–2000itemsdividedinto3classes,

200–8000buyersdividedinto2classes,and800–64000bids.All reserveprices

andbid surplusvaluesweregeneratedfrom normaldistributions.

5 Weakly StableAllocations

In this sectionwe introduceweaklystableallocationsfor XOR-ABPs,give an

efficient algorithm for finding the maximumvalue weakly stableallocation,

andestablishconnectionswith greedoidtheory.

Throughoutthis sectionwe considerthatthereis a singleseller, andhence

fairnessto sellersreducesto maximizingthetotal value(or, alternatively, total

surplusover reserve prices)of sold items. An allocationis saidto be weakly

stableif, for any buyer � , thereis no unallocateditemthat � prefersto theitem

sheis allocated(in particular, if � doesnot getany item, thenall itemswhich

shebids for mustbeallocatedto otherbuyers). With thenotationsin Section

2, allocationV is weaklystableif

(1) For any �`M J �\V>� and �]MTKb.<K �\V>��­�K-L , V`���-�>U�Le� , and
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1. Find themaximumunweightedmatching® betweenbuyersanditems

2. While thereis zer~¯ and qsrgtQ°]®fvwt�x suchthat ®fv±z�x/²S�*q do

3. Findanitem ³ which is themostpreferableitemfor z in tQ°]®fvwt�x
4. Swapallocationof z , i.e., ®´y�®µ°6v±z(|:®fv±z�xBx,¶Yv±z(|\³7x
5. Output ®

Figure3: TheSwappingAlgorithm for theMWSA problem.

(2) For any �`M J . J �\V>� , K-L>·@K �\V>� .

Maximum Weakly StableAllocation (MWSA) Problem. Givenaninstance

of XOR-ABP, find aweaklystableallocationV with maximumtotal value.

The complexity of MWSA problemis open: we do not know if it is NP-

hard,andwe arenot awareof a polynomialtime algorithmeither. Note that

the maximummatchingdoesnot producea weakly stableallocationandthe

greedytie-breakingheuristicmay result in an unboundederror (seeExample

3). However, thereis a non-trivial caseof theMWSA problemfor which we

give an exact solution. If all the the bid valuesarethe same,the the MWSA

problemsasksto maximizethenumberof allocateditems. This problemcan

besolvedefficiently by modifying a maximumunweightedmatchingbetween

buyersand items (seeFigure 3). In the next subsectionwe will show that

weakly stableallocationsform a greedoid,this yields anotheralgorithm for

findingaweaklystableallocationwith maximumsize.

Theorem 9 TheSwappingAlgorithm(Figure3)findsthemaximumsizeweakly

stableallocationfor XOR-ABP.

Proof: Weneedto show thatthenumberof iterationsin theloop4 is polyno-

mially bounded.Indeed,eachtime afterperformingsuchiteration,thebuyer �

15



improvesthepreferenceof theallocateditem. Therefore,in total, thenumber

of iterationscannotexceedthenumberof bids.

Theorem9 implies that we canusethe SwappingAlgorithm to approxi-

matelysolve theMWSA problemfor weaklystableallocations.

Theorem 10 TheSwappingAlgorithmhasanapproximationfactorof at most

¥ , where ¥ is theratio betweenthelargestandthesmallestbid value.

6 Greedoidsand Weakly StableAllocations

In this subsectionwe show that thesetweaklystableallocationsform a gree-

doid,whichgivesamoreefficientalgorithmfor findingamaximumsizestable

allocation.Wealsoshow thatthecorrespondinggreedoids,socalledABP gree-

doids,do not have the exchangeproperty. This implies (Korte, Lovász,and

Schrader, 1991) that the maximumweight stableallocationcannotbe found

with agreedyalgorithm.

A set K�M0¸S�\K1� is calledfeasible. Thefamily of independentsetsin a ma-

troid satisfytheserequirements,soeverymatroidis agreedoid.Onesignificant

differencebetweenmatroidsandgreedoidsis thatevery subsetof anindepen-

dentsetis independentin a matroid,but a feasiblesetin a greedoidwill have

non-feasiblesubsetsin general.

Definition: A transversal of a finite family ¹ºD»£2K ) �-¼-¼-¼�K(½,¤ of subsetsof a

finite set K is aset ¾O·�K for whichabijection ¿�À=¾fÁÂ£�E��-¼-¼-¼7��Ã;¤ existssuch

that �hMTK'Ä oÅA p for all �SM]¾ . A partial transversal is a subfamily of ¹ .

Assumenow thateachK(A�DÆ�\K(A:�'U�A�� hasapartialorderonits elements(e.g.,

preferences).A stabletransversal of ¹ , is apartialtransversal¾ of ¹ suchthat

for any �5M�¾ , if �ÇP�Ä o�A p � , then �ZM�¾ .

The following remarkestablishesthe connectionbetweenweakly stable

allocationsandstabletransversals.

Remark: Let K bethesetof itemsand K A bethesetof itemsfor which buyer

16



� placea bid. Thenthe bijection ¿ of a stabletransversalis a weakly stable

allocationandviceversa.

Definition: A greedoidon thegroundsetI is a pair �\K��(¸e�\K1��� whereJ is a

family of subsetsof I satisfyingthefollowing two properties:

1. For everynon-emptyK�M6¸ , thereis anelement�hMTK suchthat K�.�£'��¤bM
¸

2. For K���ÈÉM<¸ with Ê&KTÊ�ËbÊ&ÈÌÊ , thereis anelement�TM�È».0K suchthat

K©Í�£�� ¤«MX¸

Theorem 11 The set of all stable transversals ¾g�\K�� forms a greedoidwith

groundset K .

Proof: To show that �\K��:¾«�\K���� is agreedoidwe needto show that

(i) For any ÎOM�¾g�\K�� , thereexists �NM�Î suchthat Îf.Ï£2��¤bM�¾g�\K�� .

(ii) For any ÎÐ� J M�¾«�\K1� and Ê J Ê�4OÊ Î~Ê , thereis anelement�_M J .YÎ such

that Î@ÍÇ£��2¤bM�¾g�\K�� .

Proof of (i). Considerarbitraryelement�9Ñ�M0Î . If Î�.Ï��Ñ is not stable,then

thereis Ò1)bMÏÓº�\ÎÔ� suchthat ��)ÕDÖÓÖ�aÒ1)"�Ð×�Ø ª ��Ñ . Inductively, if ÎÙ.Ï��AaÚ3)
is not stable,thenthereis Ò&AgM�ÓÖ�\Î©� suchthat ��AÕD»Óº�aÒ&A��Y×QØ�Û_�9AaÚ3) , for

�eDÆE���G��-¼-¼-¼ . Sincetheset Î is finite, thereshouldbe � suchthateither ÎW.���A
is stableor �9A�Df�   for someRNËk� .

Assumethat Ó isapreferredstablematchingfor Î . Considerthematching

ÓÙ� coincidingwith Ó on all elementsof Î except ��Ü , �ÝD@R&�-¼-¼-¼2��� , for which

Ó � �\��Ü���D[ÓÖ�\��Ü-Þ ) � , �TD�RÔ�ÙE��-¼-¼-¼2��� , and Ó � �\�   �QD[Óº�\��A8� . Thematching

Ó � is morepreferablethan Ó , therefore,Ó is notpreferred.

Proofof (ii). Let Îb� J M]¾«�\K1� and Ê J Ê14[Ê ÎgÊ , andlet Ó � bea stablematching

for
J

andlet Ó beastablematchingfor Î with theminimum Ê Ó��".«ÓFÊ . Since
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Ê J Ê�4�Ê Î~Ê , thereexists Ò<MkÓÙ�\� J �S.ÏÓº�\Î©� . We first prove that thereexists

�_M J .<Î suchthat �_U Ø ÓÙ�\�aÒ,� .
Indeed,let us assumethat on the contrary, for any �fM J .ÙÎ , �§×�Ø

Ó � �aÒ,� . Then Ó � �aÒ,�ÝM J ­6Î andthe matching Ó � � DßÓàÍk��Ó � �aÒ,�"��Ò,�>.
��Ó � �aÒ,�"��Óº��Ó � �aÒ,����� is stable.Indeed,for any �0MXá[.0Î , either �0M J .�Î
and ÓÙ���aÒC�YP�Ø�� or �^M¨áÖ. J

and ÓÙ�\�aÒ,��U�Ø]� since
J

is stable. Since

Ê ÓÙ�1.�Ó�� ��Ê=DâÊ ÓÙ�1.�ÓºÊ7.@E , we have acontradictionwith thechoiceof Ó .

Now assumethat �XM J .�Î is the bestw.r.t. Ò amongall elementsin
J .fÎ . We will show that ÎOÍ@£��2¤ is stablesince Ó Í@£9���2��Ò,��¤ is stable.

Indeed,for any �ÇMTá�.6Î@.X� , either �ÇM J .XÎ and �ÔU Ø � by thechoiceof

� , or �ÇMTá^. J
and �_U�Ø`Ó � �aÒC�>UQØQ� since

J
is stable.

Let us refer to greedoids�\K��:¾«�\K���� as greedoidsfor XOR auctionswith

buyerpreferences(ABP greedoids).Thegreedyalgorithmfor finding a max-

imum size feasibleset in a greedoidstartswith an emptysetandthen itera-

tively addsnew elementskeepingthesetfeasibleuntil no moreelementscan

beadded.If we apply thegreedyalgorithmto theABP greedoidthenwe will

find a maximumsize stabletransversal,and, as remarked above, this corre-

spondsto amaximumsizeweaklystableallocation.

Theorem 12 Thegreedyalgorithmfor theABPgreedoidfindsa maximumsize

weaklystableallocationfor thecorrespondingXOR-ABP.

If we assignweightsto the elementsof a greedoid,then, in general,the

greedyalgorithmdoesnot find a maximumweight feasiblesubset.In (Korte,

Lovász,andSchrader, 1991)it is proved that the greedyalgorithmworks for

weightsif it hasthefollowing exchangeproperty:if ¾/) , ¾3+©M�¾«�\K1� areany two

basesand Ê�¾�)_ÊãD�Ê2¾*+ÐÊ , thenfor any �ZM�¾/) thereexists ÒYM�¾3+>.Z¾�) suchthat

¾/)Cä/£'�s¤3Í~£'Ò�¤ is a feasibletransversal.However, this is not thecasefor aABP

greedoidasseenfrom thefollowing example.

Example 4: Considera set åÉDæ£�� ) ��� + ��� ¦ ���,ç&���,è�����é7¤ with thetotal order

� è UÉ� é Uê�,+§Uê�*)kUë��¦�UÉ� ç . A family of subsetsover å as ¹µD
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h1 b1

h6 b4

h2 b2 h3

h4h5

b3

Figure4: An ABP greedoidwhichdoesnothave exchangeproperty.

£ J )'� J +�� J ¦7� J ç ¤ where
J )ÔDÖ£��,+=���*)-¤ ; J +ÐDF£��,+�����¦7¤ ; J ¦ÐDF£�� è ���,¦���� ç ¤ ;

J ç DO£�� è ��� é ¤ (seeFigure4).

Considera transversalbase¾/)>DO£9���,+=� J )"�"�2����¦&� J +2�"�2��� ç � J ¦2�"�2��� è � J ç ��¤ .
Consideranothertransversalbase¾*+�D^£9���*)'� J )��"�2���,+&� J +2�"�2��� è � J ¦2�"�2��� é � J ç ��¤ .
Now ÊC¾bEYÊãD�Ê1¾_GZÊ . Therefore,by theexchangeproperty, for every �CA�M0¾/) ,
thereexistsa �   M�¾ + - ¾ ) , suchthat ¾ ) - £�� A ¤ + £��   ¤ is a feasibletransversal.

But for � ¦ M�¾ ) , thereexistsnoelementin ¾ + thatsatisfiesthisproperty.

7 XOR Auctionswith SellerPriorities

In thissectionweintroduceXOR auctionwith sellerpriorities,givealgorithms

for finding a maximumfeasibleallocation,and,finally, describeconnections

with greedoids.

In an XOR auction with seller priorities (XOR-ASP), the seller assigns

priorities to the items for sale. We write �6U»R to denotethe fact that the

priority of � is higherthanthatof R , and ��PkR if �QUÏR and RX�U§� . We saythat

sellerprioritiesarestrict (respectively total) if for any two items � andR , either

�ÐP�R or R<PÆ� (respectively, either �ÕUOR or R0U[� ). An item allocation V is

feasibleif for every two items � and R , �QP@R , RTMXK$�\V5� implies �QMXK �\V5� , i.e.,

V allocatesanitemonly if all itemswith higherprioritiesarealsoallocated.

Maximum FeasibleAllocation (MFA) Problem. Givenaninstanceof XOR-

ASP, find anallocationV maximizingthetotal value/surplus.

Clearly the maximumfeasibleallocationcannotbe worsethanan alloca-
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1. Constructthe bipartitegraph ì»Dë� J Í6K���áÝ���Ô� where �������H�YMfá if f

buyer � bidson item � , andtheweight �«�������H� is thevalueof thisbid

2. Let � ) �-¼-¼-¼�����í n í betheitems K sortedby decreasingpriority

3. For �ND[E��-¼-¼-¼2��Ê K*Ê , find, if it exists,amaximum-weightperfectmatching

Ó0A in thesubgraphìÔÜ of ì inducedby
J ÍZ£'��)'�-¼-¼-¼2���8Ü�¤

4. OutputthematchingÓ0A with maximumweight

Figure5: TheIteratedPerfectMatchingAlgorithm for theMFA Problem.

tion implied by thesequenceof auctions,eachfor a singleitem, orderedwith

respectto priorities. Thefollowing exampleshows that, in general,theoppo-

site is not true, i.e., the sellermay be strictly betteroff using an XOR-ASP

ratherthanasequenceof simpleauctions.

Example 5C: onsidera sellerauctioningitems ��)'���8+ with a priority of selling

item ��) before �B+ i.e., ��)YPæ�8+ . Assumethat buyer �') bids a valueof � on ��)
andof Ò on �B+ andbuyer �"+ bidsa valueof �Ç.k� on ��) . If the two itemsare

sold in a seriesof auctionsin decreasingorderof priority, � ) is allocatedto � )
while � + is not sold. Thetotal valueof thesold itemsis � . On theotherhand,

if thetwo itemsaresoldin anXOR-ASP, item ��) is allocatedto �"+ anditem �8+
is allocatedto �') , with a total valueof �g�îÒg.<� .

Theorem 13 The Iterated Perfect Matching Algorithm (Figure 5) finds the

maximumfeasibleallocationfor theauctionwithstrict sellerpriorities in ïÝ��Ê K*ÊÅð
¾3ñ�òZ�aÃ�� � ��� time, where ¾*ñ�òZ�aÃ�� � � is the time neededto computea maxi-

mumweightperfectmatching in a bipartite graphwith Ã<DºÊ J Ê��ÙÊ K*Ê vertices

and � D�ó~�"�8#�ô edges.

Remark: Thestatusof theMFA problemfor auctionswith total sellerprior-

20



ities is open.

7.1 Greedoidsand SellerPriorities

Let õ@D[£ J )'�-¼-¼-¼2� J ½ ¤ bea finite family of subsetsof a finite set
J

. Let P be

a strict orderon õ , i.e.,
J )�P J +]P�¼-¼-¼SP J ½ . A partial transversal ¾ of õ

is calleda feasibletransversalif it transversesa subfamily £ J )'�-¼-¼-¼'� J Ü=¤ , for

some��jkÃ .

Remark: Let
J

bethesetof buyersand
J A bethesubsetof buyerswhichbid

for the item �ÕMÏK . Thenthebijection ¿ of a feasibletransversalis a feasible

allocationandviceversa.

Example2.14from (Korte,Lovász,andSchrader, 1991)describessocalled

medieval marriagegreedoids, in whichfeasiblesetsareexactlyfeasibletransver-

sals.This impliesthefollowing result.

Theorem 14 Thesetof all feasibletransversals ¾«� J � formsa Gaussiangree-

doid � J �:¾«� J ��� .

We will refer to thesegreedoidsasgreedoidsfor auctionswith seller pri-

orities (ASPgreedoids).

Theorem 15 (Korte, Lovász,andSchrader, 1991)ASPgreedoidshavetheex-

change property.

This resultimpliesthatthegreedyalgorithmsolvesexactly theMFA prob-

lem in casewhenall bidsfrom thesamebidderhasthesamevalue.
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#items #buyers #bids Greedval. CPUsec. Cplex MIP val. CPUsec. Gap

200 200 800 75128257 0.03 78576249 2.46 4.39%

200 200 1600 74325339 0.06 84054224 285.45 11.57%

200 400 1600 88942384 0.08 89066527 0.93 0.14%

200 400 3200 89499018 0.17 89589954 4.21 0.10%

200 800 3200 90892284 0.27 90916681 1.83 0.03%

200 800 6400 91123664 0.55 91140024 11.86 0.02%

500 500 2000 182720456 0.15 200382640 20 8.81%

500 500 4000 188462442 0.3 213948423 1568.62 11.91%

500 1000 4000 221822991 0.48 223916856 5.61 0.94%

500 1000 8000 224921119 0.91 225496946 19.89 0.26%

500 2000 8000 223311871 1.68 223415781 11.47 0.05%

500 2000 16000 223996927 3.42 224104530 21.1 0.05%

1000 1000 4000 377607773 0.6 411979940 84.85 8.34%

1000 1000 8000 383358512 1.2 N.A. N.A. N.A.

1000 2000 8000 436211164 1.95 442829836 16.41 1.49%

1000 2000 16000 445455065 3.94 446120926 76.57 0.15%

1000 4000 16000 450705268 6.67 450921237 28.81 0.05%

1000 4000 32000 452143070 13.45 452334922 108.5 0.04%

2000 2000 8000 750054567 2.61 N.A. N.A. N.A.

2000 2000 16000 778591088 5.21 N.A. N.A. N.A.

2000 4000 16000 885838136 7.92 N.A. N.A. N.A.

2000 4000 32000 897567709 15.92 N.A. N.A. N.A.

2000 8000 32000 891690542 26.13 N.A. N.A. N.A.

2000 8000 64000 894947694 52.63 N.A. N.A. N.A.

Table1: Resultsfor thegreedytie-breakingheuristicandtheCplex MIP solver

onXOR-DABP instanceswith normaldistributedreservepricesandbid values.
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